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The M ahdbhdskariya of Bhaskara I (c. A.D. 600) contains a simple but
elegant algebraic formula for approximating the trigonometric sine function.
It may be expressed as i
. 4a(180—a)
Sin @ = 40500 — a(180 ~ a)

where the angular arc a is in degrees.

Equivalent forms of the formula have been given by almost all subsequent
Indian astronomers, and Mathematicians. To illustrate this, relevant
passages from the works of Brahmagupta (A.D. 628), Vatesvara (A.D. 904),
Sripati (A.D. 1039), Bhaskara II (twelfth century), Narayana (A.D. 1356} and
Ganesa (A.D. 1520) are quoted.

Accuracy of the rule is discussed and comparison with the actual values of
sine is made and also depicted in a diagram.

In addition to the two proofs given earlier by M. G. Inamdar (The Mathe-
matics Student, Vol. XVIII, 1950, p. 10) and K. 8. Shukla, three more deri-
vations are included by the present author.

We are not aware of the process by which Bhaskara I himself arrived at the
formula which reflects a high standard of practical Mathematics in India as
early as seventh century A.D.

INTRODUCTION

Indians were the first to use the trigonometric sine-function represented by
half the chord of any arc of a circle. Hipparchus (second century B.C.) who
has been called the ‘Father of Trigonometry’ dealt only with chords and
not the half-chords as done by Hindus. So also Ptolemy (second century
A.D.), who is much indebted to Hipparchus and has summarized all important
features of Greek Trigonometry in his famous Almagest, used chords only.
The history! of the word ‘sine’ will itself tell the story as to how the Indian
Trigonometric functions sine, cosine and inversesine were introduced into the
Western World through the Arabs.

Among the Indians, the usual method of finding the sine of any arc was
as follows: First a table of sine-chords (i.e. half-chords), or their differences,
was prepared on the basis of some rough rule, apparently derived geometri-
cally, such as given in Aryabhatiya (A.D. 499) or by using elementary tri-
gonometric identities, as seems to be done by Varihmihir (early sixth cen-
tury). To avoid fractions the Sinus Totus was taken large and the figures
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were rounded off. Most of the tables prepared gave such values of 24 sine-
chords in the first quadrant at an equal interval of 3} degrees assuming the
whole circumference to be represented by 360 degrees. For getting sine
corresponding to any other arc simple forms of interpolation were used.
In Bhaskara I we come across an entirely different method for computing
sine of any arc approximately. He gave a simple but elegant algebraic
formula with the help of which any sine can be calculated directly and with
a fair degree of accuracy.

TaE RuLe

The rule stating the approximate expression for the trigonometric sine
function is given by Bhaskara I in his first work now called Mahabhaskariya.
The relevant Sanskrit text is:—

weyfe g #9 9egT aewmad: |

THRTT GHAERAT T TR 1 Lo 1
qeow aforr fgsar: areT: @THYETERE: |

TEATR AvET frsneT & T 1 C 1
qrg AT B FTHA FACHT I 4T |

T AEA GO AT AT a1 2R 1

(Mahabhaskariya, VII, 17-19)2

Dr. Shukla? translates the text as follows:

‘17-19. (Now) I briefly state the rule (for finding the bhujaphala and the kogiphala, ete.) without
making use of the Rsine-differences, 225, etc. Subtract the degrees of the bhuja (or kots) from
the degrees of half a circle (i.e. 180 degrees). Then multiply the remainder by degrees of the
bhuja (or koti) and put down the result at two places. At one place subtract the result from
40500. By one-fourth of the remainder (thus obtained) divide the result at the other place as
multiplied by the antyaphala (i.e. the epicyclic radius). Thus is obtained the entire bdhuphala
{or kotiphala) for the sun, moon or the star-planets. So also are obtained the direct and inverse
Rsines.’

In current mathematical symbols the rule implied can be put as

] R sin ¢ = B ¢(180—¢)/${40500 —¢(180—¢)} .. o (D)
ie. =

. 44(180—¢)

sm¢=40500_¢(180_¢) .. .. .. @

where ¢ is in degrees.

EQuivaLENT FoRMS OoF THE RULE FROM SUBSEQUENT WORKS

Many subsequent authors who dealt with the subject of finding sine with-
out using tabular sines have given the rule more or less equivalent to that
of Bhaskara I, who seems to be the first to give such rule. Below we give

few instances of the same.
4B
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(i) Brahmasphuta Siddhinta
The fourteenth chapter has the couplets:

MFAFHIE T TOT qTIATETSITT AR |
T=AENG AR AT SATaES IR 1 33 1)
qo qoTReAT dfurreaehs famn safi: o
FERISHA X AT GTAHS ST 11 Y |

(Brahma Sphuta Siddhanta, XIV, 23-24)4

‘Multiply the degrees of the bhuja or koti by degrees of half a circle diminished by the same.
(The product so obtained) be divided by 10125 lessened by the fourth part of thet same product.
The whole multiplied by the semi-diameter gives the sine ...’

ie.
RH(180—4)
10125 —1$(180—4)

which is equivalent to Bhaskara’s rule.

The Brahmasphuta Siddhanta was composed by Brahmagupta in the year
A.D. 628 according to what the author himself says in the work at XXIV, 7-8.5

Dr. Shukla® points out that Bhaskara I's commentary on the Arya-
bhatiya was written in A.D. 629 and his Mahabhaskariya was written earlier
than this date. Thus Bhéaskara I seems to be a senior contemporary of
Brahmagupta. Kuppanna Sastri? even asserts that the statements of Prthu-
daka Svami (A.D. 860), the commentator of Brahma Sphuta Siddhinta, imply
that Bhiaskara I's works must have been known to Brahmagupta.

R sin ¢ =

(ii) Vatesvara Siddhanta

In the fourth adhydya of the Spastadhikira of Vagesvara Siddhinta the
rule occurs in two forms as follows:

TR ArEae fAgaeafggmtaTT:
werRrsawas: afee fagar: feafr: sfas:

geiereT Yot fasfy dearagdarmdrn:
wriers wftfame Faw woaw afaigiEt o

(Vatesvara Siddhanta, Spastidhikdara, IV, 2)8

‘Multiply degrees of half the circle less the degrees of bhuja (by the degrees of bhuja). Divide
(the product so obtained) by 40500 less that product. Multiplied by four is obtained the re-
quired sine. Or the bhuja in degrees be multiplied by 180 degrees and (the result) be lessened
by its own square. Fourth part of the quantity (so obtained) be subtracted from 10125, and
by this (new) result the first quantity be divided. The sine is obtained.’ Thus we have the
two forms as
$(180—¢) x4
40500 —$(180—g)

sin ¢ =
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and

¢ . 180 —¢2
10125— 1(¢ . 180—¢?)
Both being equivalent to Bhaskara I's rule.

According to a verse® of the work itself, the Vatedvara Siddhanta was
composed in A.D, 904.

gin ¢ =

(iii) Siddhanta Sekhara

In this astronomical treatise the rule is given as:

q1: Fifewrr Weganhgar: g=m-
FETEART TN AR |
q sara gus forar fagan: wog
sarfafada waat eEie S 11 go 1)
(Siddhanta Sekhara 111, 17)10

‘The degrees of doh or koti multiplied to 180 less degrees of doh or kori. Semi-diameter times
the product (so obtained) divided by 10125 less fourth part of that product becomes the bhuja

or kotiphala’
i.e.
R4(180—¢)
10125—14(180—¢)
This form is exactly the same as that of Brahmagupta. Senguptall gives
A.D. 1039 as the date of Siddhanta Sekhara which was composed by Sripati.

Rsgin ¢ =

(iv) Lilavats

The concerned stanza is:

arifees afefy: wamarga: wg
g=TET: afefaat ST |
HAAT @G I AT AeA-
SATHTES TAAATA(HE SATHT &1 |

(Lalavati, K setravyavahdra, sloka No. 48)

‘ Circumference less (a given) arc multiplied by that arc is prathama. Multiply square of the
eircumference by five and take its fourth part. By the quantity so obtained, but lessened by
prathama, divide the prathama multiplied by four times the diameter. The result will be chord
(i.e. parpa jyd or double-sine) of the (given) arc’
i.e.

(360 —2¢). 2¢ = prathama

., 4X2EX(prathama)
2R sin ¢ = T 5 360t (prathama)
_ 8R(360—2¢) . 2¢
T Ix5x3602—(360—24) . 24
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giving
44(180—¢)
40500 — ¢(180—¢)

sin ¢=

which is mathematically equivalent to the rule of Bhiaskara I. Lilgvati was
composed by Bhaskara II in the first half of the twelfth century.

It should be noted that Bhaskara II himself accepted the rule to be
very approximate. He says in his Jyotpatti12 (an appendix to Goladhyaya):

‘The rough (crude) rule for finding sine given in my arithmetic (Lildvati) is not discussed
here.’

(v) Ganita Koumudi

As in case of Vatesvara Siddhania, two forms of the rule occur here in the
chapter called Ksetravyavahara as follows:

T FIRG S0 AR FA1g
Foqd 7 Ffor=e T a7 TEETagar |
ST ey gy ga syraaETe saa-
ST ST TfgaT Fgred Tt |veTty 7 ||
T
Fagfen frer afafgar a
araTEat 7 frrsrfeaafgde: |
geafyg ot qfrd fawies sfar
ST Qe TSR T ||

(Ganita Kaumudi, Ksetravyavahdra, 69-70)13

‘Multiply to itself half the circumference less (a given) arc. The quantity so obtained when
respectively subtracted from and added to the squares of half the circumference and circum-
ference respectively gives the Numerator and Denominator, Multiply the diameter by the
Numerator and divide by one-fourth of the Denominator to get the chord...’

Alternately,

‘Multiply the circumference less the given arc by circumference and put the result in two
places. In one place multiply it by the diameter and divide the result by five times the
square of the quarter circumference less the quarter of the result in the other place. The
final result is chord ...’

In symbols these can be expressed as follows. Let ¢ stand for circum-
ference.
First form:
Numerator, N = (§c)2—(4c—2¢)2

Denominator, D = c2+ (Je—2¢)2
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then
Nx2R
Ohord - i‘ . D
i.e.
. 2R{180%—(180—24)2}
2R sin ¢ = {3602 + (180 —24)2}
Second form:
_ (c—24)2¢.2R
Chord = 5(1c)2—1.2¢(c—2¢)
or
2R sin ¢ = D

40500 — $(180—¢) °

On simplification both the forms reduce to the rule of Bhaskara 1.

It is stated by Padmakara Dvivedilt that Gaptta Kaumud: was composed
by Narayana Pandita in A.D. 1356. See colophonic verse No. 5 of the work
in the edition referred.

(vi) Grahaldghava

In this work the rule is given in various modified forms adopted for
particular cases. The relevant text from Ravicandrae-spastidhikara for one
such case is:

fandY: ez i weg s
LT IIF aAF A |
e % . qﬁ ,\'a
TEE HEFAT TqRA AT R
(Grakalaghava, II, 8)18

‘Subtract the sixth part of the degrees of the bhuja of the moon from 30 and multiply the result
by the same sixth part. Put the product in two places. By 56 minus the twentieth part of
the product in one place divide the product of the other place, The result is the mandaphalas.’

’

AT
. (30‘ 6) %6
R sin ¢ =
- L e
70 6/6
or
cop o 204(180—¢)
SN ¢ = 2130320 — #(180—9)}
4. $(180—4)

= 40320 —$(180—¢)

since the value of the maximum mandaphala for moon, i.e. the value of R for
moon, is 5 degrees approximately.18
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Thus we see that the form of the rule given here is slightly modified. In
place of the figure 40500 of Bhaskara I we have 40320 here.

Another modified form is given in the stanza preceding the one we have
quoted above.

Grahalighava was written by Ganesa Daivajfia in the year 1520. He
dealt with the whole of astronomy contained in the work without using Jya-
ganita (i.e. sine-chords). For sine, whenever needed, he used the rule equi-
valent to that of Bhaskara I after duly modifying it and rounding off the frac-
tions.

DiscussioN oF THE RULE

The rule of Bhaskara I, mathematically expressed by relation (2), is a
representation of the transcendental function sin ¢, by means of a rational
function, i.e. the quotient of two polynomials. This algebraic approximation
is not only simple but surprisingly accurate remembering that it was given
more than thirteen hundred years ago. The relative accuracy of the formula
can be easily judged from Table I which gives the comparison of the
values of sines obtained by using Bhaskara’s rule with the correct values.
(Calculations have been made by using Castle’s Five Figure Logarithmic and
Other Tables (1959 ed.) from which the actual values of sin ¢ are also taken.

TasrLE I
sin ¢ by Actual value of

¢ Bhaskara’s rule sin ¢

0 0-00000 0-00000
10 0-17525 0-17365
20 0-34317 0-34202
30 0-50000 0-50000
40 0-64183 0-64279
50 0-76471 0-76604
60 0-86486 0-86603
70 0-93903 0-93969
80 0-98461 0-98481
90 1-00000 1-00000

A glance at Table I will show that Bhaskara’s approximation effects
the third place of decimal by one or two digits. The maximum deviation in
the table occurs at 10 degrees and is

= -+ 0-00160

The corresponding percentage error can be seen to be less than
one per cent.
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Fig. 1 shows how nicely the curve represented by Bhaskara’s formula
approximates the actual sine curve. The deviations have been exaggerated so
that the two curves may be clearly distinguished otherwise they agree so well
that, on the size of the scale used, it was not practically possible to draw them
distinctly.

The proper range of validity of the rule is from ¢ = 0 to ¢ = 180. It
cannot be used directly for getting sine between 180 and 360. However
with slight modification!? it can yield sin ¢ for any value of ¢.

The last word tattvatak (‘truly’ or ‘really’) of the text, quoted for
Bhaskara I's rule, indicates that the rule is to be taken as ‘accurate’, Dr.
Singh18 used the word ‘grossly’ in his translation of the passage. As already
pointed out earlier (see under (iv) Lilgvati), Bhaskara II clearly stated his
equivalent rule as sthila (‘rough’ or ‘gross’). But whether Bhaskara I also
meant his rule to be so is doubtful.

1ot .

d . S
7 = Actual Sine
‘4 N\
2 N
o8r Stne ¢ ,/ Bhdskara's Farmula \\
4 \)
4 A\
061 7 \
N\
41 N\
04 p N
4/ N
7 N\
/, \
[V
21 / \\
Y ¢ —
4
o 20 40 60 80 100 120 140 160 180
Fia. 1

DErivaTioNn oF THE FoRMULA

The procedure through which Bhaskara I arrived at the rule is not given in
Mahabhdaskariya which contains the rule. But this seems to be the general
feature in case of most of the results in ancient Indian mathematics. This
may be partly due to the fact that these mathematical rules are found mostly
in works which do not deal exclusively with mathematics as they are treatises
on astronomy and not on mathematics. Below we give few methods of arriv-
ing at the approximate formula.

(i) FIRST APPROACH *
Following Shukla,® let C4 be the diameter of a circle of radius R, where
the arc 4B is equal to ¢ degrees, and
BD = Rsin ¢

* See M. G. Inamdar’s paper in The Mathematics Student, vol. XVIII, 1950.




BHASKARA I'S APPROXIMATION TO SINE 129

Now
Area of the AABC = § AB.BC
and also =4 AC.BD
Therefore
1 4c
BD ~ AB.BC
so that ,
1 AC

BD” (arc AB).(arc BC)

F16. 2
After this Shukla assumes
1 X.40 . 4
BD ~ (arc 4B).(arc BO) T N )
2XR
=+ Y
$180—g) +
so that
$(180—9)

(5)

Rsin¢ = 3%h+ T4(180—9)

By taking two particular values, viz. 30 and 90, for ¢ we get two equa-
tions in X and Y from (5). Solving these it is easily seen that

1
Y=-1&
and
40500
2XR = —p

Putting these in (5), Bhidskara’s formula is readily obtained.

If X is greater than one and Y is positive the assumption (4) is ]ustlﬁed
by virtue of the inequality (3). But as noted above ¥ comes out to be nega-
tive.  Hence some more investigation to justify (4) is needed which I give
below,

Let a, b, p and ¢ be four positive quantities all different from each other.

If .
a>b
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then we can write

a=pb—gq. .. .. .. . A ()]
that is
p=4Te
P
provided

a>(~%};—g,sincea>b

That is to say we can write (6) if

p>2te
»>—
that is
p>1+7 (7
In the above case
1
“SRsing
_ AC
" (are AB). (arc BC)
$0500
p=X= " . .. 8
p=X YD . . (8)
and
1
¢g=-Y= iR
therefore
g_,, Bsing
l+a =1+ 4R
Now greatest value of this
= ]_+— = Z.
Also, since
360
B=5
from (8) we get
405 .72 _ 5

So that the condition (7) is satisfied and hence Shukla’s assumption (4) is
justified.

(ii) SECOND APPROACH

Let 20
a+bA+cA®

oA 9
A4+ BAFCX ®

gin A =

where A is in radians and corresponds to ¢ degrees.
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Out of the six unknown coefficients a, b, ¢, 4, B, C, only five are inde-
pendent. These can be found by using the following five mathematical

facts:
A= 0, sin A=10

A=m, sinA=0

sin A = gin (7—A)

A=}m sini=}

A=47. sin iA=L
Utilizing these five conditions we easily arrive at Bhaskara’s formula.
Perhaps the justification for supposition (9) is that the very form of
Bhaskara’s rule is of type (9).

(iii) THIRD APPROACH

Shifting the origin through 90 degrees by putting

¢ =090+X
(2) becomes
4904 X)(90—X)
008 X = £0500— 90+ X)(H0—X)
or
_ 4(8100—X?)
cos X = 3ot00 X° a0

By elementary empirical arguments we shall derive formula (10) which
resembles the first form given by Nardyana Pandita (vide under (v) Ganita
Kaumuds).

Since the sine function, in the interval ¢ to 180, is symmetrical about
¢ = 90, it follows that the cosine function will be symmetrical about X = 0
in the interval —90 to -}90.

In other words cos X is an even function of X, say

cos X = f(X2)

Now cos X decreases as X increases from 0 to 90. The simplest way of

effecting this is to take

1
coonc)—Eé

But cos X also remains finite at X = 0 hence we should assume, instead

of above,
1

X24a
Finally, remembering that cos X vanishes for finite values of X, we take

C
008X=m—

cos X o . Where a 3£ 0

k
k being positive.
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It should be noted that the possibility of taking simply
o
X240
is ruled out since by this assumption we cannot make cos X to vanish for
any finite value of X while we know cos 90 = 0.

The three unknowns @, ¢ and k can be found by taking particular known
simple rational values, e.g.

cog X =

cos0=1
cos 60 = §
cos 90 = 0

Utilizing these we get (10) without difficulty.

(iv) FOURTH APPROACH

Now we take the method of approximation by continued fractions. The
general formula which we shall use is2!

X—Xo XXy XX, .. .. (1Y

where
g = d’k[Xm Xy, Xp.o o Xy, X3

The quantities ¢p’s are called the ‘inverted differences’ and are defined as
follows:

$ulX] = f(X)
_ X—Xo _ X—'XO
Pl X1 = g =Xl = T —/(Xo)
$o[ X, Xy, X] = s

$1[Xo, X]—h[X,, Xy]
and so on.

Now we form the table of ‘inverted differences’ for the function f(X) =
sin X by taking some simple rational values of the sines (see Table II).

TarsLe II

. fX)y=4¢

X in degrees = sin XO é1 bz 3 $a
Xo=0 0= a, -— — — —
X,=30 P 60 = q, — — .
X, =90 1 90 2 = ay —_ —
Xy =150 3 300 3 — 40 = ag —
X, =180 0 © 0 —45 —6 =ay
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Using (11) the successive convergents are:

FiI‘St, = (g = 0
. X-X X
Second, = ay+ o 0 &

. X-X, X-X
Third, = o 1
o %ot a;+ as

22X
T X490

Fou th; = N z
g et at o
_ X(170—X)
T 9000—-20X
Fifth, g X=X X=X, X-X, X-X,

a1+ asz+ s+ g
_ 4X(180-X)
T 40500—X(180—X)
which is the rule of Bhiskara 1.

Inverted differences or rather the related quantities called ‘reciprocal
differences’ were introduced by T. N. Thiele22 in A.D. 1909. We do not know
if any ancient Indian mathematician ever used the inverted or reciprocal
differences, although Brahmagupta A.D. (665) has been credited for being
the first to use ‘direct’ differences up to second order.23

(v) FIFTH APPROACH
It will be noted that the quantity

$(180—¢) = p, say
is an important function of ¢ in connection with sin ¢. In fact it is a quarter
of what Bhiskara II has called prathama (see under (iv) Lilavati). Now p can

be written as
p = B100— ($—90)2.

It follows that the maximum value of » will be 8100 when ¢ = 90. Also
the function p vanishes for ¢ == 0 and 180 and is symmetrical about ¢ = 90.
Thus the nature of p and sin ¢ resembles in certain points. Since the maxi-
mum value of sin ¢ is 1, we may take as a crude approximation

sin ¢ = = P, say.

P
8100

However Bhéaskara I's formula is far better than the above simplest
(linear) but very rough approximation. We now attempt to find a better
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relation between sin ¢ and P. Since 0x0 =0 and 1Xx1 = 1, the product
function P X sin ¢ will also have the same nature as P or sin ¢. The simplest
relation between P, sin ¢ and P sin ¢ will be a linear one. Therefore we
agsume

[Psin¢4mP-+tnsing=10 .. .. .. (12

which is the general form of a linear relation. Taking ¢ = 90 and ¢ = 30 we
get respectively
I4+m-+n=10

and
5 5 1
l—sl-l-gm-l-én =0

Solving the above two equations we get

Using these the linear relation (12) becomes, after simplification (i.e. solving

for sin ¢),
4P

which is the formula of Bhaskara I in disguise. Form (2) of the rule can
be obtained by substitution of the value of P, viz.
_ $(180—¢)
P= 8100
Relation (13) may be regarded as the simplest form of Bhiskara’s

rule and may be derived in many ways.

CONCLUSION

To Bhaskara I (early seventh century A.D.) goes the credit of being the
first to give a surprisingly simple algebraic approximation to the trigonometric
sine function. In its simplest form his rule may be expressed by the mathe-

matical formula
sin ¢ = 4P
5-P
where P may be called as the ‘modified prathama’ (accepting the definition
of Bhaskara II). If ¢ is measured in terms of right angles (quadrants) then
P will be given by
P = ¢(2—¢).
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The formula is fairly accurate for all practical purposes. A better for-
mula, which will have the simplicity and practicability of Bhiskara I's for-
mula, can hardly be given without introducing bigger rational numbers or
irrational numbers and higher degree polynomials of . No such mathemati-
cal formula approximating algebraically a transcendental function seems to be
given by other nations of antiquity. The formula as such, or its modified
form has been used by almost all the subsequent authors, a few instances of
which are given in this paper. Remembering that it was given more than
thirteen hundred years ago, it reflects a high standard of mathematics pre-
valent at that time in India. ‘How Indians arrived at the rule’ may be
taken as an open question.
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