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Dissipation is an integral part of a quantum system coupled to its environment. Traditionally in physical and chemical

sciences, the environment is modeled by a reservoir of harmonic oscillators. However, there arise situations where the

localized modes dominate in the dynamics of dissipation. Spin-bath has proven to be a successful alternative in such

cases. In this review we have outlined a scheme for a universal description of an environment in terms of a generalized

spin-bath. Making use of Holestein-Primakoff transformation one may realize the two limits of the reservoir, the spin-1/2

or fermionic bath and the harmonic or bosonic bath. The basis of the present analysis is the coherent state representation

of the noise operators and thermal canonical distributions of Gaussian form. The appropriate quantum Langevin equation

and its variant in c-numbers have been derived for spatial and momentum coupling between the system and the bath. The

scheme has been applied to the problems of rate theory of chemical reactions, tunneling and spectroscopy with quantum

dots.
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Introduction

Preliminary Remarks; Classical Dissipation

It is our everyday experience that any macroscopic
physical system cannot be completely isolated from
its surrounding. As a consequence energy
accumulated in a system must be given away to the
environment — leading to energy dissipation. This
energy loss is described in terms of the frictional force
arising out of the coupling between the system and
its surrounding. The open system is also subjected to
a fluctuating force or noise of the same origin. The
dissipation and noise are formally connected by
fluctuation-dissipation theorem. This forms the basis
for the theory of Brownian motion since the
pioneering work of Einstein (Einste in, 1905;
Einstein, 1906) and further advanced by Langevin
(Langevin, 1908), Fokker (Fokker, 1914), Planck
(Planck, 1917), Smoluchowskii (Smoluchowskii,
1915), Kramers (Kramers, 1940) and others in various

directions (Grabert et al., 1988; Héinggi et al., 1990).
The early work on Brownian motion was reviewed
in an excellent article by Chandrasekhar
(Chandrasekhar, 1943) and the theory of
nonequilibrium stochastic processes grew as a major
discipline in physical and chemical sciences
(Lindenberg and West, 1990; van Kampen, 1992).

Approach to Quantum Dissipation; Historical
Development

Several approaches to open quantum systems are
known for the last forty years. One of the most
acceptable and successful approaches among them
relies on the system-reservoir model within the
framework of a Lagrangian or a Hamiltonian (Ford
et al., 1965; Ullersma, 1966a; Ullersma, 1966b;
Ullersma, 1966¢; Ullersma, 1966d; Zwanzig, 1973;
Dekker, 1977), where a dissipative system with a
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single degree of freedom remains in contact with
infinitely many degrees of freedom acting as a bath
or reservoir for the relevant system of interest. Both
the system and the reservoir obey the standard rules
of quantization and form the constituents of an energy
conserving global system. In this picture, dissipation
appears as a manifestation of transfer of energy from
the system to the environment and the energy never
goes back into the system within any physically
relevant timescale.

The early development of quantum stochastic
processes along the above mentioned line took place
around the middle of twentieth century. A major thrust
was the development of lasers in sixties followed by
significant advances in the field of laser physics
(Sargent et al., 1974) and quantum optics (Meystre
and Sargent, 1991). Two general and popular
approaches based on system-reservoir model had
been prescribed with wide applications. These are
the generalized quantum master equations of the
reduced density operator (Weidlich and Haake, 1965;
Ullersma, 1966b; Agarwal, 1969; Carmichael, 1970)
in the Schrodinger picture and the generalized
Langevin equations (Ulersma, 1966a; Zwanzig,
1973)in the Heisenberg picture.

In the case of master equation approach, it is
often impossible to analytically determine the time
evolution of the reduced density operator for the
system interacting with an environment. In such cases,
one may adopt approximate schemes.The work of
Schwinger (Schwinger, 1961) and Senitzky (Senitzky,
1960; Senitzky, 1961) on the dissipative effects in
electromagnetic fields within Born-Markov
approximation was an early attempt in this direction.
Further, in a series of papers, Lax (Lax 1963; Lax
1966; Lax, 1967) analysed the problem of quantum
noise, particularly the conditions that would permit
Markovian description of the problem. Interestingly,
in almost all physically relevant situations in quantum
optics it is sufficient to work within weak coupling
limit (Born approximation) and Markov
approximation (i.e., the correlation time of the
reservoir << characteristic time of the system). On
the other hand, one may recast the same problem in
the Heisenberg picture since the latter has the

appealing feature over the Schrodinger picture that
the equations of motion look like the corresponding
classical equations of motion. But this also has a few
drawbacks. The most important one is the ordering
of operators. System operators commute with bath
operators at equal times, but not necessarily at
different times. Therefore the order of system and
bath operators can no longer be interchanged. It is
suggested that we must stick to one particular ordering
of the operators. Any ordering namely normal, anti-
normal, symmetrical will produce the same final
results provided that it should be used consistently
throughout the calculation. Although, final answers
do not depend on the choice of the ordering, the
physical interpretation of the results does (Milonni
and Smith, 1975). After all this approach has the same
limitations as the master equation approach (Louisell,
1973).

The validity of quantum theory of dissipation
discussed so far is thus restricted to weak coupling
and Markovian regime. Although some useful results
in quantum optics, e.g., intensity-intensity correlation
functions, calculation of spectra have been derived
within Born-Markov approximation, but the validity
and limitations of these approximations have been
examined in the context of condensed matter and
chemical physics. It was realized that the strength of
friction as well as the nature of the noise correlation
play a key role in the dynamics, particularly at low
temperature. As an attempt to go beyond the weak
coupling limit, theory of quantum dissipation
emerged as a renewed subject of interest in early
eighties when the problem of macroscopic quantum
tunneling at zero temperature was addressed by
Leggett and Caldeira (Caldeira and Leggett, 1981).
The method that received major attention in a wide
community of researchers is the real time functional
integral (Feynman and Hibbs, 1965). This method
had been shown to be an effective tool (Caldeira and
Leggett, 1983a; Caldeira and Leggett, 1983b; Leggett
etal., 1987; Grabert et al., 1988; Leggett et al., 1995;
Weiss, 1999) for the treatment of dissipative quantum
coherence effects, quantum transition states, as well
as incoherent quantum tunneling processes and many
others. Numerical implementation of the schemes
such as path integral Monte Carlo techniques (Binder
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and Heermann, 1988) has been popular in some of
these issues.

Keeping in view of the aforesaid development
it is worthwhile to ask is there any natural extension
of the methods of classical theory of dissipation to
quantum domain for arbitrary friction and
temperature down to vacuum limit? An answer to this
question has been addressed through quasi probability
distributions. Since the uncertainty principle makes
the concept of phase space in quantum mechanics
problematic the functions which bear some
resemblance to phase space distribution functions,
are the quasi probability functions (Glauber, 2007).
The whole class of distribution functions allows us
to replace the solution of a density matrix equation
by the solution of a classical differential equation;
e.g., the quantum statistical equations of motion in
the form of Fokker-Planck equation is the evolution
equation for Wigner (Wigner, 1932; Hillery et al.,
1984) or Glauber-Sudarshan distribution function
(Glauber, 1963; Sudarshan, 1963). Although quasi
probability functions provide a route to understand
quasi-classical correspondence, a number of points
still remain to be addressed seriously. It becomes
difficult to treat the equation of Wigner function as a
quantum analogue of Fokker-Planck equation as the
positivity of the Wigner function is never ensured by
the occurrences of higher derivatives of distribution
function in the equation. It is in this perspective and
a few other relevant issues we would like to clarify
for our basic motivation behind the present work.

The quantum dynamics of mesoscopic or
macroscopic systems is always complicated by the
coupling of different types of ‘environmental’ modes.
In the overwhelming majority of the treatments
dealing with quantum dissipative systems, the
reservoir acts as a bosonic bath (Leggett et al., 1987,
Nitzan, 2006; Barik et al., 2009) which is dominated
by delocalized modes. However, there arise situations,
particularly at low temperatures where one has to take
care of the model of localized modes for, e.g.,
dynamics of a cavity mode damped by a bath of two
level atoms suggested by Sargent, Scully, and Lamb
in the seventies (Sargent et al., 1974), dissipative
quantum coherence in fermionic (spin-1/2)

Hamiltonian (Guinea et al., 1985), spontaneous and
electron assisted tunneling (Vladar et al., 1986),
relaxation of magnetic crystals (Prokof'evand Stamp,
1996; Prokofeev and Stamp, 1998; Prokof'ev and
Stamp, 2000), temperature dependent coherence in
dissipative spin-1/2 bath (Shao and Hénggi, 1998),
electric field induced optical conductivity and direct
current resistivity (Ferrer et al., 2006), dynamical
localization (Ferrer and Smith 2007) and so on
(Ronnow et al.,2005; Hanson et al., 2008; Lange et
al., 2010; Lange et al., 2012). In such situations spin-
1/2 bath is a good description for the underlying
stochastic dynamics, which makes the scenario very
complicated and different from the oscillator bath.It
need not be over emphasized that one cannot map
the bosonic bath into a spin-1/2 bath model due to
distinct universality class of quantum environment
(Chang and Chakravarty, 1985). From an ion trapping
experiment it has been demonstrated (Khaetskii et
al., 2002) that decoherence and dissipation rates
exhibit characteristically distinct behavior from those
of a bosonic bath. However, at very low energies,
oscillator bath reduces to spin-1/2 bath (Caldeira et
al., 1993; Forsythe and Makri, 1999). Both spin-1/2
bath and bosonic bath thus appear in widely different
contexts, and several formulations presenting the
similarities and disimilarities are known (Suarez and
Silbey, 1991; Gelman et al., 2004; Schlosshauer et
al., 2008). Finally, the form of an interaction between
the system and its environment demands a physical
situation. For almost all practical purposes, the theory
of classical and quantum dissipation assumes the form
of a bilinear coupling between the spatial co-ordinates
of a system and its environment. An opposite scenario
arises when the momentum of the system and its
environment get coupled and interesting physical
situation may occur due to such momentum
dissipation (Cuccoli et al., 2001; Ankerhold and
Pollok, 2007; Cuccoli et al., 2010). Study of quantum
dissipation thus continues to remain an active field
of interest.

Scope and Plan of the Review

Keeping in view of the distinctive nature of the two
kinds of bath, our object in this review is to discuss a
unifying model for the environment. The universal
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realization of the environment in the form of a general
spin bath also facilitates the implementation of the
true canonical thermal distribution functions. The
outlay of the review is as follows:

1. Inthe next section, we have proposed a system-
reservoir Hamiltonian which can serve as a
universal paradigm for the description of
interaction between a quantum particle and its
environment.

2. Based on spin coherent state representation we
have presented in Sec III, a canonical
formulation of c-number quantum noise and
dissipation.

3. In Sec IV, we have illustrated the method for
numerical simulation of c-number noise to solve
quantum Langevin equation and an appropriate
scheme for quantum correction to calculate the
average values.

4. In Sec V, we have formulated the quantum
analogues of Fokker-Planck, diffusion and
Smoluchowski equations in terms of true
probability distribution functions.

5. In Sec VI, we have investigated the problem of
tunneling and thermal activation in spatial as
well as momentum coupling cases for both spin-
1/2 and bosonic bath.

6. In Sec VII, we have demonstrated the
experimental realization of spin-1/2 bath in
connection with absorption-emission
experiments in quantum dots and in quantum
optical context.

The quantum theory of dissipation encompasses
a vast area of research. The work presented here is
not an exhaustive review on the subject but an outline
of some recent contributions (Sinha et al., 2010; Sinha
etal., 2011a; Sinha et al., 2011b; Ghosh et al., 2011a;
Ghosh et al., 2011b; Ghosh et al., 2012a; Ghosh et
al., 2012b; Sinha et al., 2013a; Sinha et al., 2013b;
Ghosh et al., 2014) made by the present group,
particularly in the context of rate theory and a few
related topics.

Dissipative Quantum Dynamics; Spin vs Boson
Bath

The Model

Let us consider a quantum particle of unit mass
coupled to a set of atoms considered as a bath. Each
(k-th) atom of the bath has a mass m, and spin S. The
spin is characterized by the components of spin vector
operators S_,Sy and S, satisfying [S, S 1=iS,

and their cyclic combinations. Indeed the mass m, of
the bath atoms are physically meaningless as the
relevant dynamical variable of the bath particles is
assumed to be their spin. But we keep it simply for
dimensional reason and it has nothing to do with real
mass of the atom carrying the spin. The state of a

spin is denoted by | S,m_) which is the eigen state
of operators §* and .SA'Z such that §*1§ ,m ) =

S(S+DIS,m) and S.1S,m)y=m, |S,m)

respectively. m_ is the projection quantum number
which takes values from —-S,-S+ 1, ..., 5-1, S. We

further define 7=S-S_ as ‘spin deviation’

operator. The energy of the spin bath in terms of ‘spin-
deviation’ operator can be expressed as

A

H,., = 2 @1, where the subscript k refers to the
k

k™ atom of the bath so that n,=8- S .« - The operator

algebra for each k'™ atom obey the following
commutation relations

[81.8,1=28 318,85, 1=-85:15,.5,1= S, 1)

where S ,I (S, ) is the creation (annihilation) operator
of the k-th spin and we have S/ =8’ +iS,
S, =8 —iS].

The quantum particle considered as the system
is  characterized by the Hamiltonian

A2
H, :%+V(é) where p and § are momentum
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and position operators for the particle which follow
the usual commutation relation [, pl=ih. V(q)

is an external force field acting on the particle.

The total Hamiltonian for the particle, bath and
their interaction can be represented by the following
Hamiltonian

A2 R R 1 )
%+V(q)+h2wknk +§chq
k k

A n 3t L &
- ’ S, +S
|:mka)k2 q Sm @, ( k k):| (2.2)

Here we assume that the bath is coupled to the
position of the particle. The coefficients {c,}

H=

characterize the detailed nature of the coupling. 6}2 -

containing term of the Hamiltonian ensures that in
the resulting quantum dynamics the system potential
does not get modified due to heat bath so that
dissipation remains spatially homogeneous. In other
words, the inclusion of this counter-term makes the
model translationally invariant, otherwise the
coupling between the position and the bath operators
would lead to unphysical renormalization of the
potential. Furthermore, to ensure the provision for
an irreversible decay of energy of the particle and to
avoid Poincare recurrences we require k to run from
1 to o, i.e., the bath to contain infinite degrees of
freedom.

Mapping between Spin & Boson Operators;
Holstein-Primakoff Transformation

We may note that for the state |7, ) whichis an eigen

state of ﬁk and § the creation (SA;) and

zk’

annihilation (§k) operators satisfy the following

properties

S Ink>=(2S)”2,/1—n"2;1\/Zlnk -1) (2.3

A n
Selny=@8) " flen [I="Lin +1) (o4

where
A n)=nm) (2.5)

Here n, (= § — m) is the eigen value of the
‘spin deviation’ 7, operator representing the

difference between z-component of the k™ (atom) spin
(m)) and its maximum value (S). Therefore n, is
allowed to run from O to 2S. Now, let the state with
minimal projection (for which m = -§) acts as a
vacuum for a set of boson operators so that each
subsequent state with higher projection quantum
number can be considered as a boson excitation of
the previous one. This can be achieved by considering

the usual boson creation (&Z)/annihilation (dk)

operator as follows;

&klnk)=\/alnk—l) (2.6)
alny=yn, +11n +1) 2.7

Comparing Egs. (2.3)-(2.5) and Egs. (2.6)-(2.7)
we have

AT A
§i =281 aégk a, 2.8)
ATA
S, =284, /1—% 2.9)

where, the ‘spin-deviation’ operator 7, is identified

as ‘number’ operator

(2.10)

Equations (2.8)-(2.10) are precisely known as
Holstein-Primak off transformation (Holstein and
Primakoff, 1940) which sets up a mapping between
the spin(-deviation) state and the bosonic state as
follows:



954

Arnab Ghosh et al.

|-S+m,),,S(a")"10),,,, (m =n) (2.11)

This implies that each decrease in spin
projection number (m ) in a spin state In,)

corresponds to subsequent increase in boson
excitation number. Eqs. (2.8)-(2.10) also ensure
correct commutation relation for spin operators [Eq.
(2.1)]. From Eqgs.(2.8)-(2.10) it is apparent that the
transformation is particularly useful for large S, when
the square roots can be expanded as a Taylor series
to obtain an expression in descending powers of S.
In the high spin limit (S >> 1), the transformation
therefore reduces to

S — (25)24" and §T— (25)"2a (2.12)

Let us point out an immediate consequence of
the above relations. Using these on the Hamiltonian
[Eq. (2.2)] and in view of Eq. (2.10) taking care of
the zero point energy for the bosonic (harmonic)
oscillator heat bath we obtain

N Az 1
H= 7+V(q)+h§:w (akak + 2)

1 0 ..
52;, { (aZ+ak)}(z.13)

mkwk m, @,

R

which, by defining % = 7570 0" Dimw
/\ 'xk + lﬁk

and \/2 h/ mkwk \/2hmka)k further,

reduces to the Hamiltonian of Zwanzig (Zwanzig,
1973) form:

~2
A="-1V (@)

A2 2 2 2
pe 1 ¢ [mo; . .
+) += X, -

| 2m, 2 mka)k2 ( C, k qJ (2.14)

The above Hamiltonian eventually describes the
interaction between a quantum particle and a

harmonic oscillator heat bath {X,, p,} which obey

the usual commutation relation [X,, p, ] = if, are the

set of coordinates and momentum operators for
oscillators with masses m,. Holstein-Primakoff
transformation thus sets up a correspondence between
a spin bath [Eq. (2.2)] and a harmonic/bosonic bath
[Eqg. (2.14)]. Caldeira and Leggett were among the
first who applied the model [Eq. (2.14)] to study the
quantum mechanical tunneling of a macroscopic
variable (Caldeira and Leggett, 1981). In the recent
literature, the model described by Eq. (2.14) is usually
referred to as Caldeira-Leggett model (Weiss, 1999).

Reduced Operator Langevin Equation

The Heisenberg equations of motion for the particle
and the bath operators can be written down from the
Hamiltonian [Eq. (2.2)] with the help of the
commutation relations [Eq. (2.1)] as follows:

=p (2.15)

>

=_V (D+= ch

A ~ 2¢.0
" $i 45— | 6
Sm, @, m,,

A

A ic N
S;=—iwkS,j+—"S_kg7 217
JSmhw, 2.17)
SAk = la)kSA _LSAZ]{@ (2 18)
\Sm hw, :
ic.q PSRN
a= =85 (2.19)

Shw,

After formally eliminating the bath degrees of
freedom as usual (Ghosh et al., 2012b) we arrive at
the reduced operator equation for the particle;
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h
Sm, @,

= ry A 1
g=-V'@+=Yc
24

2
Ck N

ST (0)e ™ + 8. (0)e™" | -
RO ()} )Y
C2 t A
+ : dr’s,, (t")q(t")Sinw, (t —t’
;Smkwkfo L)) Sinw, (1 =1)

(2.20)

The last term of the right-hand side contains
the bath operators under time-integral and makes the
equation difficult for an exact solution. However, an
implification can be made at this stage by noting the

time scale of evolution of the $ ; and S . as compared

to §k Egs. (2.17)-(2.19) suggest that while the

polarization operators ( S kT and S . ) are governed by
the characteristic time scale of free evolution (@, ),
the energy operators ( ﬁzk) follow the slower time
scale of system bath interaction (~ ¢, /\Jhm,w, ).

Therefore, we may approximate SAzk (") ~ .SA’Z,C (0) in

Eq. (2.20). Furthermore, assuming that at ¢ = 0, the
spin bath consists of a set of spin-S atoms and is at
thermal equilibrium and is decoupled from the

system, we may set .§Zk (0) = S. The approximation

of .§Zk (0) = S takes care of the fact that the particle

feels the potential V(§), which remains unaffected
by the interaction during dynamical evolution of the
particle. Based on these considerations and after
carrying out the partial integration of the last term,
we are led to the following equation

2
X oA b sA ¢ ’
g=-V (q)—J.Odt q(t )zm—;zcosa)k(t—t )
k

kK k
1
+=Y e, L
2% Sm,w,

{6[(0)e ™ +6,(0)e ]

(2.21)

where 6,(0) 6/ (0) and are defined asthe shifted

bath operators of following forms;

6,(0)= 5,0y~ |5

W, m, @,

A S
61(0)=8!(0)—& / OBEY
‘ ‘ w, \hm,w, (2.23)

The approximation SAzk (0) = § is consistent as

400) (222

) 1 c,f >
it cancels out the counter term | — 2 74" | and
2T muw,

preserve the symmetry of the Hamiltonian. We,

therefore, write down the reduced operator Langevin
equation for the particle in the following form:

g+ [ darg@xe-1)+v' @ = F o) @24

where, the noise operator and the memory kernel are
given by

> _ l h A it
f=2 ;ck ‘ /—Smkwk {6,(0)e

+6(0)e ™ Y= F(t)+F'(1) (225

and

2
C
K(t—t")=Y ——cos w,(t—1")
K My

(2.26)
respectively.

Statistical Properties; Spin-1/2 vs Boson Bath

The reduced dynamical equation for the particle is
described by the operator Langevin Eq. (2.24). It

contains the usual dissipative term [ K (r —¢”) ] as well

as the noise term [ f () ]. Statistical properties of the

bath can then be calculated by thermal averaging over
appropriately ordered noise operators. To this end we
define
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= e i KT 2.27)

<A> B TrAe /KT
as

as quantum statistical average of any bath operator

A where H, , = hz w, 1, at t = 0. Furthermore,
k

without any loss of generality we may set <c}(0)> =0

which yields further simplification of Eqs. (2.22)-
(2.23) as

(6,0), = <§k (0)> (2.28)

qs

(6/@) =(3/0) (229)

qs

At this point, we take a pause to note that
Holstein-Primakoff transformation allows us to
realize a mapping between a spin state and a bososnic
state with finite number [Eq. (2.11)]. We utilize this
correspondence to differentiate between two distinct
situations for characterizing the statistical properties
of the bath. Thus a bath can be treated either as a
spin-1/2 bath or as abosonic bath and depending on
its nature the occupancy of the bath states (with or
without obeying Pauli Exclusion Principle) will have
to be determined. We, therefore, consider the two
cases separately.

(i) For spin-1/2 bath, the Hamiltonian in terms of

¢ > AF .
the ‘number’ operator 71, is H,,

AF .
h Za)k 1, . Here, the superscript ‘F” stands for
k

the fermionic (spin-1/2) character of the bath.
Eq. (2.27) then gives the average thermal
excitation number ofthe spin-1/2 bath as

—mha, | KT
Y me
=0,1

~AF _ =Y
<”k >qs = 2 o KT

m=0,1

1 _
ehwk/KT +1 F k

(2.30)

which results in

(a-24] )>qs =1-27, (w,) = tanh ( ;’;";)

(2.31)
and refers to the Fermi-Dirac distribution

function.

Thus the noise properties of the spin-1/2 bath
can be derived by using the canonical thermal
distribution [Eq. (2.27)] of the noise operators.
It is easy to verify that the spin-1/2 bath noise

operator f (r) [Eq. (2.25)]is zero centered, i.e.,

f(r)) =0
(o) (2.32)
and satisfies the relation
Re {<FT OF()-F@)F! (t')> }
qs

h C}f AF ’
=—» ——((1-2a)) cosw, (t—t)

2 Ek: m,., < k >qs k (2'33)

2

=Zl2 % tanh(M)cos w,(t—1")

2T mw, 2KT

where 7, =a."a/ . The negative sign on the left

hand side of Eq. (2.33) carries the signature of anti-
commutation relations obeyed by the fermionic (spin-

1/2) operators, i.e., {d, ,a|" }=1. Eq. (2.33) refers

to the fluctuation-dissipation relation for the
fermionic (spin-1/2) bath.

(ii) For bosonic bath on the other hand, the

. . g ~B
Hamiltonian reads as H,, = /‘12 w.n; . The
k

superscript ‘B’ stands for boson for which the
average thermal excitation number can be
obtained as

28
—mhew, | KT
2 me "

28
<AB> =0 X 28x
n = = —
k 28 28
N 2 —mhawy, | KT l_x l_x
e
=0

(2.34)



Quantum Dissipation in a Spin Bath

957

where, yx = ¢ "?/XT which lie between 0 < x <
1. Hence, under Holstein-Primakoff
transformation (x5 << 1), neglecting the last
term one can easily identify

. 1 _
<”ff >qs = okt _y s (@) (2.35)

as Bose-Einstein distribution. The above
relation on the other hand gives

(i + 1)>qs =27, (w,)+1= coth(;l;(o;)

(2.36)

The noise properties for the bosonic bath can
then be calculated similarly by using Eqgs.
(2.27)-(2.29) and Eqgs. (2.34)-(2.36) as

(fo) =0

qs

(2.37)

and

e

—

F oF@&)+F0F (1)) }

qs

2
h ck AB ’
== 2n, +1)) cosw,(t—t
2 zk: m, @, <( ¢ )>qs i ()2 %)
X )
=ﬁ2 t coth(hwk )cos w, (t—1t")
2T mao, 2KT

where, 7/ =a/”a’. The positive sign in the

left hand side of Eq. (2.38) signifies the
commutation relation obeyed by the bosonic

bath operators as [a],d,”]=1. Eq. (2.38)

represents the fluctuation-dissipation relation
for a bosonic bath.

The distinctive features of the spin-1/2or
fermionic bath incomparison to that of bosonic or
harmoic bath are now quite imperative. Traditionally,
the bosonic heat bath is supposed to be a universal
description of the environment of an infinite
collection of harmonic oscillators. For each bath

oscillator, the possibility of thermally induced
excitation is very large. On the other hand, for
fermionic or spin-1/2 bath there is a severe restriction
on the possibility for the thermal excitation of the
environment due to Pauli Exclusion Principle. It is
then expected that when a bosonic heat bath is
replaced by a spin-1/2 bath, the thermal properties of
the environment should differ quite significantly.
Secondly, since fermions follow anti-commutation
rules and have no classical analogue, the fluctuation-
dissipation relation for spin-1/2 bath [Eq. (2.33)] does
not reduce to classical fluctuation-dissipation relation
similar to its bosonic counterpart [Eq. (2.38)] at high
temperature. Thus the distinctive behavior of a spin-
1/2 bath gets more prominentat high temperatures.
However, the spin-1/2 bath is very much similar to a
bosonic bath at zero temperature since both the
hyperbolic tangent and cotangent factors in Eqs.
(2.33) and (2.38) merge to unity (Caldeira et al.,
1993; Forsy the and Makri, 1999). In the next section
we would further exploit this correspondence for a
c-number description of spin-1/2 bath and bosonic
bath.

Canonical Formulation of Quantum Dissipation
in Coherent State Description

Radcliffe Spin Coherent States

We take a little digression at this point to summarize
some of the properties of the spin coherent states.
Existence of spin coherent states analogous to the
harmonic oscillator coherent states had been proved
a couple of decades ago by Radcliffe (Radcliffe,
1971). Let consider a single atom with spin S. The
state with minimal projection of which is taken as

the ground state | 0) such that SA’Z [0)=S10), where

A

§. stands for the z-component of the spin vector

A

operator. Then the operator § =§ —iS | as givenin

Eq. (2.9) creates spin deviations as follows

n!2§!

(S)" |0>=(

3.1
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where, | n) is the eigen state of ,§: with §Z Iln) =

(S-mln)

The coherent state | ££) is then defined as

| u) = N_l/zexp(,uﬁ)lm

s 251 )"
_ -1/2 n
=N 2[—n!(28—n)!) u"ln) (3.2)

n=0

where, U runs over the entire complex plane and N
is the normalization factor such that

-1 < ZS' 2n
Wi =N ;(n!(zs—n)!J'”'

=N+l ul)* (3.3)
Hence the normalized coherent state is
| ) = (1+1 w?)™ exp(/,tﬁ) 10) (3.4)

The states | u#) defined by Eq. (3.4) do form a
complete set; although it is necessary to include an

appropriate weight factor W(Ilull) >0 in the

integral, so that

28
[dul )yWQ uPYui= Y In)nl=1 (35

n=0

Defining | ¢t |= p and carry out the angular
integrations, we find

RO IR

2n

oSl —2L [T pap—E
_27zn§=;|n><nl(n!(2s_n)Jf0 pdp(l+p2)25

28 |
W)= 2ln><nl( =

NS 3.6
prt n!(28 _n),jl(”’s ) (3.6)

where the integral

ﬂn

WW(,B), as (,0 5,3)

3.7

I(n,S) = nj: dp

The appropriate form of W(/) for which

n2S-n)!
I(n,S) = T gy isgiven by
25 +1 1
W)= .
92)) 1+ B) (3.8)

So, finally the completeness relation can be
expressed as

ZS+1J- d’u

PR | i)t l= ;Ian =1

3.9

T

Eq. (3.9) can also be found by transforming back
from a different parameterization of the states,
namely, ¢ = tan(6/ 2)ei"’ . However, it is convenient

to work with & while drawing analogies with
harmonic oscillator. The harmonic oscillator case can
be recovered from Eq. (3.4) in the high-spin limit (S
>> 1) of the Holstein-Primakoff transformation with

the substitutions S - (25)"2a" and o 1(28)"%.
Thus, we have the normalized states | &) (s) as

2\~

S
lx | N
la) s, =(1+ ZS j exp(O{aT)IO) (3.10)

But since

(3.11)

we may write

2

O;| Jexp (O(dT)IO>

(3.12)

. |
}EE la) s, = exp(—
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which, apart from normalization constant is precisely
the harmonic oscillator coherent state (Glauber,
1963). The spin coherent state approaches the
harmonic oscillator coherent state in the same limit
our starting Hamiltonian [Eq. (2.2)] reduces to
Zwanzig Hamiltonian [Eq. (2.14)], as shown in the
earlier section.

For the normalized coherent state [Eq. (3.4)]
we now calculate the following matrix elements;

. 225 R 28! 2
(Al )=+ ul) Z(MJW

n=0

(3.13)

281 )
The sum E(WJUW " can be

2 28
expressed as Al ul )™ . Hence the
matrix element becomes
2
ity =24 E s
I+ p P
where
~ 28
C(S,Iﬂl)=m (3.14)

Similarly for other matrix elements we have

871y = (1 Py =21 Py
ou

28 u

=1+|ﬂ|255(5,lﬂl)u

(3.15)

and

(I S1p)=(+1uP)? i(1+ | )
ou

_ 25u : ECN(S,I,uI)Iu*
I+1 ul

(3.16)

We emphasize that the set of Egs. (3.14)-(3.16)
for the matrix elements of spin systems are equally
applicable to bosonic systems. The only difference
lies in the form of the thermal canonical distribution

of the c-numbers g, 1/ for the spin-1/2 and bosonic

systems. Applications of such spin coherent states
are well known in the context of ferromagnetic spin
wave, phase transition in Dicke model of super-
radiance, equilibrium statistical mechanics of
radiation-matter interaction and so on (Klauder and
Skagerstam, 1985).

C-number Quantum Langevin Equation

Now we construct a quantum Langevin equation with
c-number noise. First we return to Eq. (2.24) and carry

out its quantum mechynical average <> to obtain

<5>+J.(: dt’<q*(t’)> K(t—1)
+(V@)=(7m)
where, the quantum mechanical averages are taken

over | )l pu)l py)...1 i)...1 ey, ), ie., the initial

product separable quantum states of the particle and

(3.17)

the bath at t = 0. Here, | y) refers to any arbitrary

initial state of the particle and {|44)} correspond to

the initial Radcliffe spin coherent states (Radcliffe,
1971) of the bath operators.

The idea behind using these spin coherent states
for quantum mechanical averaging of the bath
operators is to recast Eq. (3.17) as a classical-looking
Langevin equation for the particle. We, then denote
the following quantum mechanical averages as,

@) =q® (f@)) =n@) (3.18)
where,
() == ch / [<a (0))e™" +(8 (0))e™" |
:_Zc (8.1, e, {ﬂk (0)e™™" + 1, (0)e™ }

(3.19)
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The last equality follows from Eqgs. (2.28)-
(2.29) with (6,(0)) = <§k(0)> = C,(S,ly, 1)

#,0) [Eq. (3.15)] and (6[(0)) = <$‘,j (0)> _

C.(S,1 4, 1) 4,(0) [Eq. (3.16)], where 4, and Hy

are the associated c-numbers for general spin bath
operators. Eq. (3.17) may then be written as

g+ [ @) =)ar +(V'(@) =n(t) (3.20)

Eq. (3.20) may be expressed in a more
convenient form for interpretation as follows;

‘Hﬂ @)K —t")dt’ +V' (@) =n(t)+Q(3.21)
where,

Q=V(g)—(V'(9) (3.22)

represents the quantum correction due to the system
potential. We will return to its calculation in the next
section.

Now to realize 7)(t) as an effective c-number

noise, we introduce the ansatz that £, (0) and 1,(0)

are distributed according to a canonical thermal
distribution of Gaussian form. Depending on the
nature of the bath, we assume the following
distributions for fermions (spin-1/2) and bosons.

(a) For spin-1/2 bath (fermions), we assume a
thermal canonical distribution function of the
following form:

| 4, (0)
Ztanh( ho, J
2KT

(3.23)

B(F (:uk 0), ;u: (0)) =Npexpy-

(b) For bosonic bath (or bosons), the corresponding
distribution function is canonical thermal
distribution due toWigner (Wigner, 1932);

| 4, (0) P
2coth( ho, J
2KT

(3.24)

P’ (14,(0), 4 (0)) = N exp | -

where, N, and N, are the normalization constants

which take care of the factors (j’k (I, 1). The widths
of the distributions in Egs. (3.23) and (3.24) are

) hw,
defined by tanh (Ghosh et al., 2012a;
2KT

hw,
Ghosh et al., 2012b) and coth SKT | respectively.

For any arbitrary quantum mechanical mean value

of a bath operator, <Ak> which is a function of

1, (0), ,u; (0), its statistical average can then be

calculated as

((A)) = [ (AR {1 .10}

d 1, (0)d 14, (0)

The ansatz Eq. (3.23) or Eq. (3.24) and the
definition of statistical average Eq. (3.25) can be used

(3.25)

to show that c-number noise 7(¢) due to spin-1/2

bath or bosonic bath satisfies the following relations,
respectively

(n(0), =0 (3.26)
V2 I
), =52
tanh(;l;} jcoswk (t-1") (3.27)

2

(nom)) =1y

29T mo,
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(3.28)

coth ho,
2KT

Egs. (3.26)-(3.28) imply that c-number noise

n(t) is such that it is zero-centered and follows

)cosa)k (t—1t")

fluctuation-dissipation relation as expressed in Egs.
(2.33) and (2.38). Therefore, Eq. (2.33) and Eq. (3.27)
are equivalent. The same is true for Egs. (2.38) and
(3.28). The distinct advantage of the formulation of
c-number noise is that the distribution function [Eq.
(3.23) and Eq. (3.24)] remains valid as a pure state
nonsingular distribution functions even at T = 0.
Furthermore, the present formulation allows us to
bypass the operator ordering prescription of Egs.
(2.33) and (2.38) for deriving the noise properties of
the bath. We also point out that the temperature
dependence is exactly like one found for noise
correlation in terms of spectral functions in path-
integral approach for both spin-1/2 and harmonic
baths (Caldiera et al., 1993; Forsythe and Makri,
1999). It confirms the validity of the present
generalized scheme for quantum noise processes both
for spin 1/2 and bosonic heat bath. It becomes easy

to identify 77(¢) characterized by Egs. (3.26)-(3.28)

as a ‘classical’ looking noise with quantum
mechanical content. Therefore, the formulation of c-
number noise with the help of Radcliffe spin coherent
states can be quite effective in implementing any
standard techniques of classical non-equilibrium
statistical mechanics in a straight-forward way to
quantum domain (Lindenberg and West, 1990; van
Kampen, 1992). It is also pertinent to note that for a
traditional harmonic oscillator heat bath, one can
proceed exactly in a similar fashion and use harmonic

oscillator coherent states | &) , (Glauber, 1963; Barik

et al., 2009) (which can also be derived from the
Radcliffe’s spin coherent states [Eq. (3.4)] in the high
spin limit as a special case [Eq.(3.12)]). It is easy to
recognize that the ansatz will be a canonical thermal
Wigner distribution [Eq.(3.24)] which remains always
a positive definite function in contrast quasi-
probability Wigner distribution (Wigner, 1932)that
may take negative values (Agarwal, 2013). The
approach using this distribution has been extensively
employed in several earlier occasions (Banerjee et

al., 2002a; Banerjee et al., 2002b; Banerjee et al.,
2003a; Barik er al., 2003b; Barik et al., 2003c;
Banerjee et al., 2004; Barik et al., 2009).

Spectral Density Function; General Remarks

In order to characterize the properties of the thermal
bath and to describe the dissipative mechanism, it is
convenient to introduce, as usual, a spectral density

function J(w) associated with system-bath
interaction (Caldeira and Leggett, 1983a) as follows

J(w) = Z—kd(a) w,) (3.29)

In terms of J(w), one may rewrite the
expressions for memory kernel [Eq. (2.26)] as

cosaw(t—t") (3.30)

K(t—t) :%I:dw JEZ))

and fluctuation-dissipation relations [Eqgs. (3.27)-
(3.28)] as

(nOn('))] =Re {(13*(:)13(:') - ﬁ(r)ﬁ*(t’)>qx}

-2 a0

J(@) [h—wtanh (h—wﬂ cosaw(t—t")
2 2KT

(3.31)

for c-number noise for spin-1/2 (fermionic) bath and

(nom’)); = Re{(ﬁ*(r)ﬁ(r') + ﬁ(r)ﬁ*(t’)}qs}

_—J. _J(a))[_c h(h ﬂcosa)(t—t’)
= 2 2KT

(3.32)

for c-number noise for bosonic (harmonic) bath
respectively. Egs. (3.31) and (3.32) imply that the
relaxation induced by the bath is determined by the
properties of for example, a Lorentzian bath is

2

4
characterized by J(w) = m, with constant ¥ .
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The bath spectral density J (@) in Eq. (3.30) actually
provides a constraint on the choice of the coefficients
{c,}. When we J(w)=yw, the
corresponding classical kind of dissipation is Ohmic
in nature. For a more generic form of spectral density

choose

J (@) o< @™ . Inthis case, if m > 1 the corresponding

dissipation is ‘super-Ohmic’, while if m < 1 it is ‘sub-
Ohmic’ (Weiss, 1999).

Before closing this section we make some
general remarks.

(i) From the above discussions it may appear that
the Hamiltonian of the form [Eq. (2.2)]
necessarily leads to a quantum Langevin Eq.
(3.21). Since, in general, we do not know very
much about the physical mechanism of
dissipation, it is desirable that the model should
be as general as possible subject to the condition
that it leads to Eq. (3.21) in the appropriate limit.
However, to make the subsequent calculation
tractable it is necessary to impose one important
restriction as emphasized by Caldeira and
Leggett that “any one environment degree of
freedom is only weakly perturbed by its
interaction with the system” (Caldeira and
Leggett, 1983a; Caldeira and Leggett, 1983b).
For most practical cases for a geometrically
macroscopic environment, the interaction of the
system with each bath degree of freedom is
proportional to the inverse of the volume of the
reservoir. Hence, the coupling for each
individual bath mode is weak. Therefore, it is
reasonable for macroscopic global system to
assume that system-bath coupling is a linear
function of the bath variables (either coordinate
or momenta). These criteria as noted by Leggett
and Caldeira are favourable since it allows us
to eliminate the bath degrees of freedom exactly.
Importantly the condition of weak interaction
of one degree of freedom does not imply that
the interaction is weak when considered from
the point of view of the system which, in
principle, interacts with infinitely large degrees
of freedom of the reservoir and the dissipative
effect per degree of freedom adds up for the

(i1)

(iii)

system. Thus the validity of the quantum
Langevin equation is not restricted to weak

interactionregime ( << @, ); ¥ and @, being
the dissipation constant and the characteristic

linear system frequency respectively. It applies
equally well in the strong damping regime

(y >>w,).

A prime requirement of the theory of quantum
dissipation is how the classical kind of
dissipation can be deduced from a quantum
mechanical point of view. To obtain, we carry
out the statistical average over the bath states

in Eq. (3.21) using the relation <77(t)>s =0.

As a second step, we take i— 0 to recover
the classical limit; then the term Q in Eq. (3.21)
appearing due to quantum correction vanishes.
As aresult the effective equation of motion turns
out to be

=V (@)~ 4@)a—rrdr (333)

Using Eq. (3.30) for Markovian baths, which
do not keep memory of the interaction with the

system and for Ohmic dissipation J(w) = yw ,
the equation of motion [Eq. (3.33)] simplifies
to the classical equation of motion of a particle
with friction coefficient y as;

Gg=-rq-V'(q) (3.34)
Hence we see how the model Hamiltonian [Eq.

(2.2)] fulfills the goal of obtaining classical
dissipation within a c-number description.

Though the equation of motion for the system
[Eq.(3.33)] is independent of the nature of the
bath, the fluctuation-dissipation relations may
provide interesting features. For bosonic bath
the fluctuation-dissipation relation [Eq. (3.32)]
reduces to well-known classical fluctuation-

dissipation relation (n()n(t")), = yKT,

while its fermionic counterpart [Eq. (3.31)]
does not, as the spin does not have a classical
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analog. Since the temperature dependence of

: , hw
the spin-1/2 bath contains tanh| —— | factor
2KT

which is different from that of bosonic bath

coth ho
expressed through 2KT ;- One may

encounter specific temperature dependence of
the dissipative behavior of a particle in spin-1/
2 bath. At T = 0 bosonic and spin-1/2 bath
behave identically. At higher temperature
because of the hyperbolic cotangent factor, the
harmonic bath reaches the classical limit. On
the other hand the temperature dependent factor
for the spin-1/2 bath differs appreciably from
unity and an expansion of the hyperbolic tangent
factor results in additional low frequencies
which modify the spectral density in an effective
way. The thermal behavior of the spin-1/2 bath
thus can be viewed under two distinct situations:

High Temperature Regime

. ltanh LR
From Eq. (2.31), it follows that 2 2)KT | =

1 1 L/g §
5 iy = S0y where, (S,(0)),,

is a measure of the population difference between
the two levels of k-th bath atom. At high temperature

("*'*T +1) — 2, which implies, (S, 0)), —0

i.e., the bath atoms get thermally saturated and the
effective system-bath coupling is largely suppressed
as the noise correlation [Eq. (3.31)] tends to vanish
with increase of temperature. This gives rise to
emergence of coherent behavior in the system
dynamics (Shao and Hénggi, 1998).

Low Temperature Regime

On the other hand, in the low temperature regime,
i.e., much below the saturation temperature, we have

A 1
(S, (0)>qs - 5 This implies that the effective

system-spin-bath coupling is large and the noise

correlation [Eq. (3.31)] gets enhanced. Thus as
T — 0 quantum dissipation and the noise correlation
of the spin-1/2 bath [Eq. (3.31)] tend to that for the
bosonic bath [Eq. (3.32)]. We will elaborate this point
further in the subsequent section, when we discuss
numerical simulations of noise correlation functions.

Scheme for Numerical Simulation of Quantum
Langevin Equation; Quantum Corrections and
Average Values

Calculations of Quantum Correction

Were turn to the c-number quantum Langevin
equation [Eq. (3.21)]

G+ [ 4@ a1 dr'+V () =n®)+Q @.1)
where

0=V'(g)—(V'(@)) (4.2)

represents the quantum correction due to the system
potential. Q can be expressed further in a more
explicit and useful form by recognizing the operator
nature of the system variables ¢ and p as

gt)=qt)+04(t) (4.3)
p)=p®)+0p(1) (4.4)

where 0G and O p are respectively the quantum
corrections around the quantum mechanical mean
values of ¢(= <(§>) and p(= <f)>) so that
(8¢)=(5p) =0 and by construction [54,5p] =
ifi - Using Eq. (4.3) in V’(g) followed by a Taylor

expansion around ‘qg’, we may express Q as,

0(4.(04")) =3 V" (@ {4 1) (45)

n>2 M-

Here V(q) is the m-th derivative of the
potential V(g) with respect to ‘q’. For example, the
lowest order quantum correction (n = 2) is given by
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Q=-- V”’(q)<5 (). The

recipe for

determination of Q therefore depends on <5 q" (t)>

which may be determined by solving quantum
correction equations. To achieve this we first return
to quantum operator Eq. (2.24) and use Eqgs. (4.3)-
(4.4). Furthermore, using Eq. (4.1) in the resulting
equation, we obtain,

54+ _[:dt’ Kt —1)84(t)+V"(q)5§

+2 V@08 0-(59

n>2

"(0))) = 8i(0)
4.6)

where. §7j(t) = £ ()= 1(t)-
Eq.(4.6) forms the basis for the calculation of

quantum mechanical correction <5 q"(t )> .However,

Eq. (4.6) is analytically untractable for an exact
solution. Depending on the memory kernel and
nonlinearity of the potential, systematic
approximation schemes may be employed. We
consider a special case, the over damped limit.

To this end we return to quantum correction Eq.
(4.6) which in the overdamped limit (inertial term
can be discarded compared to the damping term;
Sinha et al., 2011b) reduces to the following form

y05q+V”<q)5q+2 V“””( )

n>2

(63" ~(03")) = o7

where, ¥, is the dissipation constant in Markovian

limit. With the help of operator Eq. (4.6) we obtain
the equations for the quantum mechanical mean value

4.7

of the corrections <§ A”> in successive orders (after

multiplying by 0§, § g}z ... and carrying out quantum

mechanical averages with the initial product separable

quantum state of the system and the coherent states

of the noise operators | ;(){ y7A }} as before) as

follows:

A2 1 ” A2 ” A3
(64 >=7[2V (XSG +V"(q)SG’) | 4.8)

(03") =~

Yo
” ~3 3 7 ~4 3 177 A2\2
{w X+ 2V (403~ SV K07 }

(4.9)
and so on. An examination of Eqgs. (4.8)-(4.9) suggest
that the quantum corrections are suppressed in
successive orders as ~ O(1/y,) by friction. Thus
under overdamped condition for a minimum

uncertainty state (5qAZ>~0(h) the quantum

correction diminishes as ~ O(71/y,) at each order.

Thus with enhancement of the dissipation the system
tends to loose its quantum character. To take into
account of the leading order contribution due to
quantum correction we may write Eq. (4.8) as

2 2
——V"(q)Xdq" )dt

0

d(6q*) = (4.10)

The over-damped deterministic motion, on the
other hand is given by

dg=-V'(gq)dt 4.11)

which when used in Eq. (4.10) yields after integration,

(88*y =A[V' (9] (4.12)

where, the quantum correction factor is given by

(99*),,

corresponds to the quantum
[V (qm ] qm p q

mechanical mean position at which (54°) is
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minimum (i.e., (5G°), ~—l—). With this the
2w,
quantum correction in the leading order takes the form

0(¢.(60")=-5v"@ (6"

A
=—=Vv"()(V'(9))

> (4.13)

The modified potential is then given by

A
V(@) :V’(q)+EV”'(q)(V'(q))2 (4.14)

We emphasize that the leading order
contribution from quantum correction does not
contain any friction coefficient or temperature.
Secondly, the inversion symmetry of the classical
potential, if any, is therefore retained.

Calculation of Quantum Statistical Averages

Summarizing the discussions of the previous section,
we see that the quantum Langevin dynamics in c-
number can be calculated for a stochastic process by
solving Eq. (4.1) for quantum mechanical mean
values together with quantum correction equations
which measure quantum dispersion around these
mean values. In principle, quantum correction
equations constitute an infinite set of hierarchy which
must be trunctated after a desired order in practice,
to make the syetm of equations closed. Care must be
taken to distinguish between the quantum mechanical

mean of an operator 4 expressed as (A)(= A) from
the statistical average of the quantum mechanical

mean A expressed as (A)_ and the quantum statistical

average of A, denoted as (A)qs. Any physical
averages which are evaluated with a thermal state
for the bath is denoted by (...), . In the present
scheme they are calculated in two steps, i.e., as

statistical averages (...), of quantum mechanical

averages (...) . This gives the averages of interest as

(--->qs =({...)),. To illustrate, we calculate, for

example, the quantum statistical averages (g) and
qs

<qA2>qs' Making use of Eq. (4.3), we may write,

(a),, =(a+54),

= (q), +{(5)), ={q), (19

and,
(@), =(@+69°),

=('), +(64°), =(a°), +(42),
(4.16)

Numerical Simulation of c-Number Noise

The fluctuation-dissipation relations [Egs. (3.31)-
(3.32)] play the key role for the generation of c-
number noise. The left hand side of Eqs. (3.31)-(3.32)

suggest that 77(¢) is a ‘classical’ random number
<77(f n(t ’)>S and is a correlation function which is

‘classical’ in form but quantum mechanical in its
content. We now show that c-number noise 7)(¢) can

be generated as a superposition of several Ornstein-
Uhlenbeck noise processes (Uhlenbeck and Ornstein,

1930). We begin by expressing <77(t)77(t')>s =

C(t—1t") in the continuum limit as follows,

Cr(t-1) :Ef”da)M
T w
{%”mnh @%ﬂcas ot—1t") (4.17)
CB(t_t’) = EJ‘wde
70 @
[%" coth (%Hcos o(t—t) (4.18)
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Eq. (4.17) suggests that it is possible to define
an effective temperature-dependent spectral density
function for the nonlinear/spin-1/2 bath as (Caldeira
et al., 1993; Ferrer et al., 2006)

haow
J (@, T)=tanh| —— |J
o (@, T)=tan (2KTJ () (4.19)

The consequences of such nonlinear bath are
captured in connection with optical conductivity in
spin-1/2 bath (Ferrer et al., 2006), temperature
dependent dissipation rate in two-level quantum dots

(Ghosh et al., 2011a) and other systems (Sinha et al.,
2013b) e.g., glasses (Leggett and Vural, 2013).

It is essential to know, a priori, the form of
spectral density function J (@) . We assume it to be
I'w

a Lorentzian as J(@) = — that
( rl+(w-w,)’7’

yields an exponential memory kernel x(t) =

(F/Tc)e_"‘/f" [Eq. (3.30)], where 7, is the
correlation time and " is the dissipation constant in

the Markovian limit. @), refers to the linearized static

system frequency. For a given set of parameters I°, 7,

and fixed temperature 7, we first numerically evaluate
the integrals [Eqs. (4.17)-(4.18)] as a function of time.
The results are shown in Figs. 4.1(a)-(b) by discrete
points. The calculated correlation function is then
numerically fitted using a superposition of several

exponentials with parameter set {D,,7,} as

D, t—t
CF,B(t_t/)=2_lexp(_l Ij’
T T T

i

i=1,23.. (4.20)

The fitted curves are shown by continuous lines
in Figs. 4.1(a)-(b). The numerical fitting is done by
Levenberg-Marquardt (LM) algorithm (Marquardt,
1963), which is very efficient for minimizing
nonlinear function. The numerically obtained

parameters {D,,7,}, are, in general, temperature

dependent. Now, with the help of these parameters, a
set of exponentially correlated color noise variables

{¢i} are generated by the following set of equations,

. 1
9, =—ﬂ+—6,-(t) 4.21)
Tl. Tl.
where,
(o) =0 (4.22)
(6,(0)¢;(0))=2D,5,8(z) i=123.. (4.23)
*
7.5 4 '
i Bose Bath
6.0 s KT
. 1 KT-Fit
: ® 5KT
T - - -5 KT-Fit
(6] + * 10 KT

-+ =+ 10 KT-Fit

Time
(a)
! Spin-1/2 bath
3003
]
2354 ® KT - 1KT-Fit
" ® 5K ---5KT-Fit
= * 10 KT — 10 KI-FAt
8’ 2

Fig.4.1: Variation of normalized c-number noise correlation function
C(¢) with time at different temperatures for fixed set of
parameters I' = 3.1,7 . = 1.0. The symbols represent

the analytical variation for (a) Harmonic bath and (b) Spin-
1/2 bath, based on Eqs. (4.17)-(4.18) and the lines represent
numerical fitting using Eq. (4.20)
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where, €,(f) is a Gaussian white noise obeying Eqs.

(4.22)-(4.23). Each ¢, is thus an Ornstein-Uhlenbeck

noise with properties

(¢,(1))=0 (4.24)

D- — /7
<¢i(t)¢j(t/)>=5y7lexp(_ltrt lj

i=1,2,3.. (4.25)

Then c-number noise 7)(f) due to spin-1/2 or

harmonic bath is given by a superposition of several
Ornstein-Uhlenbeck noise processes as follows;

nn=39 (4.26)

where 7, and D, can now be interpreted as the

correlation time and strength of the colour noise
variable {¢l} Having derived the scheme for

generation of c-number noise 7J(#) we may solve the

quantum Langevin equation with quantum
correlations (Sinha et al., 2013a).

Probabilistic Description and Governing
Equations

We have formulated the stochastic dynamics of a
particle with quantum mechanical mean position g,
and mean momentum p in terms of a c-number
Langevin equation [Eq. (3.21)]. An equivalent
description of the stochastic process can be
formulated in terms of probability density function
P(q, p, t) of these variables. We begin by noting that
the probability function we are considering here is
distinctly different from that of quasi-probability
function used to treat quasi-classical correspondence
(for e.g., Wigner distribution or Glauber-Sudarshan
distribution function (Glauber, 2007) which can
frequently take negative values) in a sense that P(q,
P, 1) is nonsingular and remains always positive
definite function, even at 7= 0. In what follows, we

would like to enquire about the quantum analogues
of Fokker-Planck, Smoluchowskii and diffusion
equations and a few other relevant quantities like
mean square displacement and decay rate from a
metastable state.

Quantum Fokker-Planck Equation

To begin with, we consider the particle to be free
from any external force field so that V(g) = 0. The c-
number Langevin Eq. (3.21) then reduces to

i+ [ drxa-1q@)=nw

where, x(¢) is the memory kernel given by Eq. (3.30)

and 7)() is a zero centred c-number noise whose

time correlation for spin-1/2 and bosonic bath are
given by Eqgs. (3.31)-(3.32) respectively. In the
following we present a general prescription to
construct Fokker-Planck equation (FPE) both for
spin-1/2 and bosonic bath.

Let the formal solution of Eq. (5.1) is given by

() =(q0) + ] d' Ht=1)n() (5.2

where
(q(1)), = q(0)+ p(0)H (1) (5.3)

with ¢(0) and p(0) being, respectively, the initial
values of the quantum mechanical mean position and
momentum of the particle. H(¢) is the inverse Laplace
transform of

H(s)=["dteH(t)= (5.4)

s+ sK(s)

where K(s) denotes the Laplace transform of x(¢).
The time derivative of Eq. (5.2) gives

p@®=(pw),+[ dt’ ht-1) 0 (55

where
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(p®)). = p(0) h(r) (5.6) , _ 1 )
wla), +inlp), -3 {oru 20007}
and (5.11)
h(t) = % H(1t) (5.7) Using standard procedure (Mazo, 1978a; Mazo,

H(t) and h(?) are two relaxation functions. While /(z)
measures how the quantum mechanical mean
momentum forgets its initial value, H(¢#) measures
how the quantum mechanical mean displacement
forgets its initial momentum. We then make use of
the solutions for g(f), p(f) and the symmetry property

of the correlation function <77(t)77(l")>s

[E C(t—t ’)] to define the following variances as

follows;

o2, 0=([a0~(g0),T)

' f 5.8
=2f H()dn[ H(t,) C, ~1) dt, ©.8)

ol (1) = <[ p()—(p()). ]2>

=2[ () dn, [ (t,) €@~ 1) dt,

§

5.9

and

o2, 0= (a0~ {q®), ][ pO)~(p»)), ]),

(5.10)

1. ' 4
=00, = [ H@)dn [ hit,) Ct ~1,) dr,

Assuming now that the statistical distribution
of c-number noise 77(¢) to be Gaussian [Eq. (3.23)
or Eq. (3.24)], we define the joint characteristic
function [ P( M, p,1)] in terms of standard mean

values and variances (these mean and variance are
not to be confused with quantum mechanical mean
of an operator and its dispersion as discussed in Sec.
IV.B) as follows;

P(u, p,1) = exp

1978b), we can write down the Fokker-Planck
equation (FPE) obeyed by the joint probability
distribution function P(q, p, ) which is the inverse
Fourier transform of characteristic function

P(u,p,1) as

0 d
- - P 2 2
(ar”’aqj (g, p,1)

2

= A(r)ai p P(q,p,t) +¢(t)a—2P(q, p»t)
p dp

2

P b b
+i (1) 340 (g, p,1) (5.12)
where,
h(t)
Alt)=———
(1) o (5.13)
1.
o(t) = A(1)o (1) +50;,, (1) (5.14)

and
w(t)=—-0o, )+ Ao, (1)+0, (1) (5.15)

Eq. (5.12) is the quantum analogue of non-
Markovian classical Fokker-Planck equation (FPE)
and valid for arbitrary temperature and friction. In
the long time limit it can be shown that the non-
Markovian coefficient y/(eo) =0. The stationary
solution of the Fokker-Planck Eq. (5.12) is then given
by,

1 2
P.(p,) = —1€xp{— ;Z’ }where,

(27, )2 0

P()

O_A(oo) (5.16)
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In the stationary state the system, as expected,
therefore attains a Gaussian distribution whose half-

width is determined by A,,.

Quantum Diffusion Equation

To formulate the quantum diffusion equation for the
particle in spin-1/2 (Sinha et al., 2010) and bosonic
bath we follow Mazo’s procedure (Mazo, 1978a;
Mazo, 1978b) for derivation of classical diffusion

equation. We put p =0 in Eq. (5.11) and consider
the Gaussian distribution P,(p,) of initial

momentumto p,, take average over the characteristic

function as follows;

P(u.t) = [ P(u,t)P, (py) dp,
1 . iupoH (t
=exp (_5ﬂ20q2q +iuq, jje( #poftt ))Ps, (Po )dpo

(5.17)

Using Eq. (5.16) in Eq. (5.17) and after
performing inverse Fourier transform as before we
arrive at the following diffusion equation after some
algebra

0P(g,1) J°P

=D.(t)——
o (1) o (5.18)

where, D, () is the quantum diffusion coefficient

which is given by,

D, (t) =0, (t)+ A H (1)h(1) (5.19)

The expression for quantum diffusion
coefficient is characterized by the nature of relaxation
function H(¢) and h(z) as well as by the characteristic
correlation function of c-number noise for the spin-
1/2 bath [Eq. (3.31)] and bosonic bath [Eq. (3.32)]

through O';p(l‘). Since the key quantity that

determines the variances is the relaxation function
H(1), it is necessary to incorporate correct well-
behaved relaxation functions which are to be obtained
from appropriate spectral density function. For a

typical choice of Lorentzian distribution of frequency,

we assume a spectral density J (@) of the form:

Jw) =21

P 520

By virtue of Eq. (5.4) the relaxation function
H(z) is given by,

H(@)= 1[1 — Ae™"* sin(Ar + a)] (5.21)
4

which yields,

h(r) = dz ;(t ) (5.22)
where,
4 y 1"
atas( g
o =tan”’ (%_yJ (5.23)
1-27y

The time dependence of diffusion coefficient

D, (t) is due to the relaxation functions H(r) and

h(¢) and the correlation functions of the respective
bath [Eqs. (4.21)-(4.22)]. These functions govern the

short time behavior of D (¢). To illustrate, the plot

of D, (t) vs time for both spin-1/2 and bosonic bath

at different temperatures is shown in Figs. 5.1(a)-(b).
While the short time regime is characterized by a

sharp increase in the asymptotic limit D, (7) settles

down to a constant value. A notable conclusion of
the present analysis is the temperature dependence
of the steady state diffusion constant for fermionic
(spin-1/2) bath in contrast to bosonic bath, which may
be attributed to the widths of thermal distributions
characterized by tanh and coth factors. The
anomalous decrease of diffusion constant with
increase in temperature had been observed earlier
(Jorch, 1981) in positron diffusion of single crystal
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Fig. 5.1: Variation of quantum diffusion coefficient vs time at
different temperatures for (a) Harmonic bath and (b) spin-

1/2 bath at ¥ = 2.83 (Scale arbitrary)

Ge in one dimension. Thus in contrast to crossover
from coherent to incoherent quantum tunneling
characteristic of excitation of many levels of single
degree of freedom in a bosonic reservoir, increase of
temperature favours the coherent dynamics in a spin-
1/2 bath (Shao and Hanggi, 1998; Rosch, 1999).The
suppression of diffusion at higher temperature as
observed here also points towards this coherence as
aresult of severe restriction on the excitations in spin-
1/2 bath degrees of freedom. This is in conformity

with earlier studies (Rosch, 1999) based on path
integral approach to quantum transport of heavy
particle in spin-1/2 bath.

Itis now instructive to calculate the mean square

displacement <Q2(t)> of the particle. From Eq.
gs
(4.16) we have

(@m), =(a),+{eam),

qs

(5.24)

Here, <q2>s can be calculated as an usual

statistical average of g> with the probability density
function P(g, ?) as follows;

() = [a’P(q.)dg =25(1) (5.25)

P(q, 1) is the solution of the quantum diffusion Eq.
(5.18) subject to initial condition P(g,t=0) =

0(q) and is given by P(q, t) = (1/J47S(t))
exp[—q> 14S(1)] with S() = I;dt’Df (t') . Now

<§ éz> can be calculated for the free particle from

Eq. (4.6), which assumes the following form;
5+ f: dt’ k(t—1t") 54(t') = SH(t)  (5.26)

Solving Eq. (5.26) by Laplace transform we
have

84(1)=64(0)+ H (1) p(0)

+.[; dt'H (t—1")on(t") (5.27)

where, H(?) is given by Eqs. (5.4) and (5.21). After

squaring <§é2(t)> can be expressed as
qs

(65°®1) =(84°(0)+H’(1)(55°(0))

qs

+H (1){5G(0)8 p(0) + 5 p(0)5G(0))
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+2j0dz jo dt"H(t—tYH(t—1")

(onansian),, (5.28)

We now choose the initial conditions
corresponding to minimum uncertainty state
(64°(0)) = (8p°(0)) =05 and, (5G(0)5 p(0) +
O p(0)5§(0)) = 1.0 so that the double integral in
Eq. (5.28) can be evaluated numerically to calculate
<§(§2(1)>qs . We are, therefore, in a position to
estimate the quantum mean square displacement
<‘§ 2(f )>qs [Eq. (5.24)]. The results are shown in Fig.
5.2(a)-(b) at different temperatures. It is apparent that
in the balastic region, the rise is faster than quadratic
while the mean square displacement is supper
diffusive in the asymptotic limit. In general, one
observes that higher temperature leads to suppression

of the displacement for spin-1/2 bath (Sinha et al.,
2010).

Quantum Smoluchowski Equation

The diffusion of a particle in an external potential
field V(g) is described by the Langevin Egs. (3.21)-
(3.22). In the over damped limit we assume a

. ) 4 Vo
Lorentzian spectral density — o)
21+ (w-w,) 7,

which in the limit 7, — O results in a damping kernel
[Eq. (3.30)] as
/7 teo 7 /7
K(t-1)=7,| dw cosw-1)=y,51—1)
(5.29)

where, ¥, is the dissipation constant. w, 1s the

linearised static frequency of the system. Proceeding
as before we derive the Markovian limit of the

971
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Fig. 5.2: Variation of quantum mean square displacement,

A2
<q (t)>qs vs time at different temperatures for (a)

Harmonic bath and (b) Spin-1/2 bath at y = 2.83 (Scale

arbitrary)

correlation function {77(1)n(t"))!"* as

N\FB _ (T T Yo
(nem)) " = dez{ }

1+ (w-w,)’ 7’

D" xcosw(t—1t) (5.30)

where, D® denotes the noise strength in the
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Markovian limit for the spin-1/2 or harmonic bath,
respectively. For vanishing 7, the distribution
function around @,, becomes broad so that one may
take the slowly varying quantity D’*# out of the

integration over frequency centred at @, with a value

o }
@ tanh(hwoj
2 2KT ).

haw, ha,
> coth KT for bosonic bath. We are then

led to the following expressions for the correlation
functions;

F f )
(nomn")’ =n{ Z tanh( % ﬂ

for spin-1/2 bath and

2 2KT

o(t—t)=y,D"5(t-1")

N hw, ha,
(nn@"), —7{ ) COth(zKTﬂ

o@t-t)=y,D°5t—1")

(5.31)

(5.32)

Based on these considerations we may now
construct a probabilistic description of the stochastic
dynamics in the over damped limit. In this limit we
drop the inertial term in Eq. (3.21) and make use of
expression [Eq. (5.29)] to obtain (Sinha et al., 2011b)

Yod+ Vi (4:(08")) = (1) (5.33)

where,

Van (61, (69" )) =V'(q)- Q(q, (69" >) (5.34)

and Q (q s <5 5] ! >) represents quantum correction due

to system potential [Eq. (4.5)]. Since the system is
thermodynamically closed the density is conserved,

we have Ip(q,t)dq =1, which ensures that any

change in density with time is balanced by the
divergence of a current (¢p) by the continuity

equation of the following form:

9p , 94p) _

0
EY g (5.35)

Following Zwanzig (Zwanzig, 2001) and using
van Kampen’s Lemma (van Kampen, 1992) by

defining {0(q,1)), = P(q,t), where P(q,t) is the

probability density function, one arrives at the
following equation

P _ 9 (V

1 p:
a2 P+—(ar
ot dq nJ 7’§j°

2 ’
FB —(0()-0() 9°P(q,1")

(nm@), 3 539

V1,
where ¢(t):_.[0 g }/_dt .
0

The use of correlation function [Egs. (5.31)-
(5.32)] in Eq. (5.36) yields our desired Smoluchowski
equation as follows:

o (Vi 9P
o= P+D* S
o aq( yOJ B~

(5.37)

Here the diffusion coefficients of the particle
in a spin-1/2 bath and bosonic bath (in the Markovian
limit) are given by,

D}f = ha, tanh( ho, j
2y, 2KT

Df = ha, coth( ha, j
2y, 2KT

(5.38)

(5.39)

Eq. (5.37) 1is the classical-looking
Smoluchowski equation which describes the over
damped quantum dynamics of the particle in terms
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of a probability density function P(q, t) where ¢ is
the quantum mechanical mean value of position of
the particle. Two important points may be noted. First,

the potential V,,,, (q,<5 q" >) includes the quantum

corrections, in principle, to all orders. Second, while

2KT
character of the spin-1/2 bath [Eq. (5.38)],

hw,
tanh| —- | makes an imprint of the Fermi-Dirac

hw,
coth ﬁ makes an imprint of harmonic bath

through the expression for diffusion coefficients [Eq.
(5.39)] respectively. Lastly, we make a note that
Smoluchowski Eq. (5.37) allows an equilibrium
solution under zero current condition as

Y ian (@5 <5é” >)

~exp|— DB . This is independent of

the dissipation constant and thus ensures
thermodynamic consistency of the present scheme.
A quantity of special interest here is the escape
rate of an over damped particle from a metastable
well which is subjected to quantum fluctuation due
to spin-1/2 or bosonic bath. The time evolution of
the particle is governed by the Smoluchowski Eq.
(5.37) when the potential V/

quan

in Eq. (5.37) is given
by Eq. (4.14). One may derive the escape rate using
flux-over-population method (Hanggi, 1990) by
solving Smoluchowski Eq. (5.37) subject to the
condition that the mean escape time from the
metastable well is much larger compared to the time
scale of the over-damped quantum dynamics of mean
position of the particle and that the strength of c-
number noise (DF’B) is smaller than the barrier
height (i.e.,DF’B < EO); E° refers to the barrier
height of the classical potential. The escape rate is

then given by

1

A F.B F.B
Vouan ()1 D™ 92 ~Vguan ()1 D"
_[ e ! qu. e g

L)

_ F.B
k=D;
q

(5.40)

where, ¥,D =D, and the limits of integration
correspond to the points referred to a typical potential

1 1
form V(q) :anz _51%13 as shown in Fig. 5.3.

Upon integration the escape rate reduces to the
following form (Sinha et al., 2011b).

k= az)b @ exp(-E,/ D"")

0

A
exp {—m(% _¢o):| (5.41)

where @, and @), are the harmonic frequencies

associated with the left well and the inverted well,
respectively. The quantum contribution is manifested

through ¢, and ¢, as
D < ’ 2
6, =] V"(@V'(@) dg and

b= [V (@)V'(9) dg (5.42)

For the given prototypical potential depicted in

Fig. 5.3, @, and @, are (—2b j:/b(V’(q))qu) and

0, respectively. The rate constant [Eq. (5.41)]
therefore assumes the following form:

k=" exp(~E, 1 D)

48

Ab palb
exp[mfo dq[V’(q)]z} (5.43)

At zero temperature (0K) we have
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V(q)

\

Fig. 5.3: A schematic plot of the cubic potential

1 5 1 3
Vig) = E aq — gbq , used for calculation of the decay

of the metastable state

D" — % . The dissipative dynamics in spin-1/
2 bath thus agrees well with the results obtained from
bosonic bath. But at finite temperatures both the
temperature dependent factors begin to differ from
unity. The effective spectral density which contains
a temperature dependent factor plays a significant
role in the diffusion coefficient Df as well as in the
rate coefficient k of the particle. As the temperature
rises there is an effective reduction of system-bath
coupling due to thermal saturation in spin-1/2 bath.

Furthermore, it follows that all the quantities
appearing in the square bracket in the expression [Eq.
(5.43)] are positive and therefore the contribution

from the quantum correction due to non-linearity of
the potential enhances the rate.

Application to Chemical Dynamics; Spatial vs
Momentum Coupling

In this section, we examine the decay of a quantum
particle out of a metastable state which can tunnel
and undergo thermal activation due to both spatial or
momentum coupling.

Thermal Activation and Tunneling Rate; Spatial
Coupling

We recall Eq. (3.21) which describes the dynamics
of quantum mechanical mean motion of a particle in
a thermal bath (spin-1/2 or bosonic) kept at a
temperature T. The noise of the bath is described by

c-number noise 77(¢) [Eq. (3.19)]. The set of N-

variables for bath degrees of freedom

{,uk (0), ,u,f (0)} , k=1,2,... N, can then be expressed

in terms of momenta { ﬁk} and coordinates {O{k}

C(S,lul)
2i

[ima, [ . C(S,ul,
—g k(luk—luk) and o, = %
| h + .

W (,uk —,uk) . Using {¢,, B,} the c-number

Hamiltonian corresponding to Langevin Eq.
(3.21)may be written down as;

of N fictitious oscillators as f, =

n=2 e

2 1 .
H= p?+ [V(q) + 2—,V“”(q)<5q">}

2

2
1 ¢ w
+2 k4 (& 2(Wlkzk ak_qj ©.1)

C-number Langevin equation [Eq. (3.21)] can
be derived directly from this c-number Hamiltonian
after appropriate elimination of bath degrees of

freedom {ak , ﬂk} from equations of motion of the

total system.Thus, the above Hamiltonian [Eq. (6.1)]
is different from our starting operator Hamiltonian
Eq. (2.2) because of the c-number nature of the bath
variables.

Eq. (6.1) shows that it is possible to reduce the
quantum dynamics of the particle in a dissipative bath
(spin-1/2 orbosonic) to the dynamics of the particle
in a fictitious harmonic bath. Furthermore, high spin
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limit of a spin coherent state merges to the harmonic
oscillator coherent state. The spin-1/2 bath as a set
of fictitious oscillators had been realized earlier by
Makri (Makri, 1999) in a different context. Thus,

although the spin-1/2 bath is nonlinear in nature, it
can be conveniently described by linear response
regime. The c-number variables g, (0), ,Ll,j (0) or
«,(0), B,(0) follow characteristic canonical
thermal distributions [Eqgs. (3.23)-(3.24)] of
corresponding to the spin-1/2 or bosonic bath as
ensured by fluctuation-dissipation relations [Eqs.
(3.31)-(3.32)]. Hamiltonian [Eq. (6.1)] is therefore
the c-number equivalent of the Hamiltonian operator
Eq. (2.2). Thermalization of the particle in either kind
of heat bath can thus be conveniently understood in
terms of this c-number Hamiltonian and the

corresponding thermal canonical distribution.

The spectral density function corresponding to
the Hamiltonian [Eq. (6.1)] can be defined as

2
™N 8
J@)=2Y 25 (@-,) (6.2)
2T o,
and ¢, =/m, g,. Now we assume that at g = 0, the

potential V(g) has a barrier height V¥ such that the
harmonic approximation around ¢ = 0 leads to:

2

[0
V(@)=V'=—>q" +Va(@) (6.3)
where, —a)b2 =V (gl 4~0» refers to the square of the
characteristic frequency of the system at barrier top

and V,(q) is the nonlinear part of the classical

potential which is given by

1
Vi(q)= Z_V(n)(Q) |q 0oq" (6.4)

n=3

To diagonalize the Hamiltonian [Eq. (6.1)] we
further define mass weighted coordinates and
momenta of bath variables as

o, = \/Eakﬁk = % (6.5)

k

Using these newly defined bath variables the
Hamiltonian [Eq. (6.1)] then may be rewritten as

H=H +V,(q), where
2 2

P b
Hy=|—+) —
58]

2

1 1 _ g

+H V' -—w g+ )Y —| wa -
Py ;2( a)qj

k
(6.6)

We neglect V,, the nonlinear terms of the
potential and assume

v'=v* (6.7)

as the quantum correction to barrier height is small.
As we are interested in the normal mode analysis of
a system of N ‘fictitious’ oscillators and one inverted
system oscillator within harmonic approximation, a
normal mode transformation to convert the quadratic
Hamiltonian [Eq. (6.6)] into a diagonal form (Pollak,
1986; Levine et al., 1988) is carried out. The c-
number Hamiltonian of the unstable normal
coordinate is then given by,

1 N
iy =L vt L 18 (e )
2 2 2k=1

(6.8)

where, A4, and {/1,(} are the characteristic

frequencies of the unstable and stable normal modes
of the system and the bath.These are given by,

&2 - _ a)b
i g (6.9)
k= (wk /1,2)

and
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wﬁ

A =

1+ (6.10)
;Zf w, (wk +/?17 )

The time dependent friction coefficient [K (t)]
of the system in continuum limit can be expressed
using J(w) [Eq. (6.2)] as

(()
K(t)= J.da) ) cos(wt) 6.11)
which on Laplace transform gives
J (a)) s
K(s)= dw
K(s) = f > olis (6.12)

where K(s)= L£(x(t)). Combining Eqgs. (6.10) and
(6.12) we have

/Ibz _ wb
1+
Z‘ w; (wk +4;)
w, w,

(6.13)

27J) do | KA4)
1+7z~[ 0w 0 +A A,

0

Since, J(w)=0;K(A4,)>0, the effective

barrier frequency is always less than @, for spatial

coupling. An opposite scenario appears due to
momentum coupling which leads to the phenomena
of stochastic acceleration (Fermi, 1949; Sturrock,
1966). We will examine that in the following section.

Next, we proceed to normal mode analysis for

N fictitious bath oscillators and one harmonic

oscillator for the system mode.The harmonic

Hamiltonian for the system mode can be obtained

from Eq. (6.1) with the replacement of V(g) by
2

Wy 2 e
7 (g—q,) (where the potential is linearized at ¢

= ¢,) and we neglect the nonlinear terms as before.
After transformation to the normal mode, the
Hamiltonian can be expressed as
1 272
EAk‘xk

(6.14)

H, :lp'2+lﬂzp’2+li{x2 +
) 27" A

where, A,,{A,} refer to the frequencies of the stable
normal modes of the system and the bath,
respectively. Here A, and {A,} assume the

following expressions

U
N
kz (wk A)
_ @,
] IJ(“’) do 6.15)
Ty o (0 -4
a)2
Ai2_ N . 2
1 é;k (6.16)

+ 2 2
k=1 a)k (Cl)k - A,‘ )

It is also pertinent to note the two identities for
the associated frequencies for the dynamical barrier
top and the bottom of the well obey the following
relations;

N N
2 2 _ 92 2
w, H w; = ﬂb )'1
i=1 =1
N N

(6.17)

We then calculate the rate of escape of the
particle trapped in a potential V(g) depicted
schematically in Fig. 5.3. In the normal mode
description of (N+1) oscillator of the Hamiltonian
[Eq. (6.8)], the system and bath modes are uncoupled.
Considering the unstable reaction coordinate to be
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thermalized according to canonical thermal
distribution due to spin-1/2 or bosonic bath [Eqgs.
(3.23) and (3.24)] we have

1 . 1

o Epz-l-v#_aj’bzpz
=77 exp|—

T FsP ni, (1F21(4))

1
N X A=A

1.,
)
HexP na (1721(4,)) | (©618)

k=1

-1 . . .
where, Z,, is normalization constant. The

procedure is the same as what is followed (Pechukas,
1981; Melnikov and Meshkov, 1986; Miller et al.,
1990) in multidimensional transition state theory
(MDTST). As usual using the distributions [Egs.
(3.23) and (3.24)] it can be calculated even inside
the reaction well. For this it is necessary to consider
the normal mode Hamiltonian at the bottom of the

wellie., H ('). The corresponding distribution is given
by

;/5’2+;4?p2
1t =Z; yexp| —

1, (1721(4))

1
72 2. 72
N — X+ A x;

lk:!exP A, (1IF27(A) | 619

These distribution functions may be normalized
to give

P A
" 2anA, (1F20(4))

N
l,:! 27hA, 1+ 2n(A ) (6.20)

Now using the identities Eq. (6.18) we obtain,

-1 _ a)()

ZFB - — =
o 2znA, (1F20(4))

N
gZﬂhA (1F27(A))) (6.21)

Making use of the expression for normalization
constant followed by integration over stable normal
modes we obtain

F.,B __ a)O /117
Ja = -G @, F
1 2 # 1 2 2

PV A p

exp| -2 2
ni, (1F2n(4)) (6.22)
Nond (LF27(4)
where, H ik )

S hA, (1F27(A))

Rewritting total energy of the unstable mode as

1
— AP’

v
/O 2

(6.23)

and returning to the energy space from p, O, the
equilibrium distribution function is given by,

, A,

27y (17 20(4)) o,

P "(E)= "

(6.24)

; [_ £
Pl "0 (%20 (4y))

Eq. (6.25) is the required distribution we set
out to search for which is valid for g > y* as well

as E <V7. The expressionofin I'= J.; P, (E)dE

where V* refers to the activation barrier for the
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potential, yields

@y A,

V#
Ty =220 4" =
27 w, " hA, (1-27(4))
(6.25)
Use of Eq. (6.18) in the expression y"* results
in
h
, tanh LY

W,y 2KT F

(6.26)

Zsm_ _Z
AL
2KT

a)() k=1 Coth(zg}j (627)

Eq. (6.26) expresses the decay rate which
includes both tunneling and thermal activation at a
finite temperature. This is a product of four terms.

.
The first factor —= is due to classical transition state

27

theory, while — corresponds to the Grote-Hynes
b

modification of classical Kramersrate (Grote and
Hynes, 1980).Among the other two factors, the last
term is the Arrhenius factor where the usual thermal

width is replaced by /1.4, [1 F2n( /?U)] that includes

quantum effects due to spin-1/2 bath or bosonic bath
for arbitrary temperature. As pointed out earlier,
although both baths behave identically at OK, the spin-
1/2 bath does not reduce to usual classical limit at
high temperature. In the high temperature Arrhenius
factor for bosonic bath reduces to KT and one
recovers the usual Boltzmann factor. While the other
term X
contribution to the Kramers-Grote-Hynes factor or
more precisely vacuum corrected generalized
Wolynes contribution or due to quantum transmission

is essentially quantum correction

and reflection for the finite barrier (Wolynes,
1981).We consider the following two limiting cases
separately;

(i) Tunneling at 0K

1
When T approaches 0K, i.e. E%oo , both

hyperbolic tangent and cotangent factors become

w
unity. This reduces the factor X = —" Therefore
Wy,

the decay rate for both spin-1/2 and harmonic bath

becomes
o)t el 7) o

Now, we may note that the main effect of the bath is
to modify the bare frequencies. By virtue of Eq.
(6.15), dissipation always decreases A, compared

FalOK =

to @, . For a frequency-dependent bath, a Drude form

Vo
21+ (w - a)o)
(Pollok, 1986; Levine et al., 1988) corresponds to a

time dependent friction coefficient x(f) =

of spectral density J(w) =

C

t
Yo
(T e K , where 7, is the characteristic correlation

time. Then for small 7, , the modified well frequency

Yo
Eq. (6.15 b 1- .
[Eq. ( )] becomes A, ~ a)o( 40)0]

Furthermore by choosing a cubic potential of the form

b
Vig)= %qz —§q3 [Fig. 5.3], the barrier height y*

2
can be expressed as V* = Ea}; (Aq)” where Ag

is the tunneling length under harmonic barrier and

also we have w, = @, . The decay rate can then be

calculated as
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Awy(Ag)’
oo =($)exp{—%(l+%¢ﬂ

(6.30)

2
where A_E and ¢—

that the tunneling rate at OK is muluphed by a factor

. Eq. (6.30) implies

exp I:—A(Aq)z}/0¢/ h:l because of dissipation. For
small 7, and large y, such that 7y, ~1, itis
apparent that ¢ which is a function of (3/0 / a)o) is
of the order of unity. Thus the tunneling probability
is exponentially damped by friction as it goes as
exp[—A(Aq)2 Vo ! h:l . This is in conformity with
the seminal work by Caldeira and Leggett in eighties
who first predicted exponential damping of tunneling
at OK in a harmonic bath (Caldeira and Leggett,
1981) The reason for this agreement may be traced
to the basic that at OK both the harmonic bath and

the spin-1/2 bath behave identically.

(ii) Finite Temperatures

We first note that at higher temperature, the leading
order contribution to the rate is mainly controlled by
the % factor. Therefore we consider following two
cases;

1. Spin-1/2 Bath

We may rewrite i in the form

N sinh(hfBA, 12) cosh(hPA, 12)
lk_:! cosh(n A, 12) sinh(hPA, 12)

(6.30)

After expanding in powers of 7 we obtain after
some algebra (Sinha et al., 2011a)

e[24]
RACRIgE S]]

(Ai - /Ikz) =

Making use of the relation zk:

(W, +@,) — (A2 +A}) we finally obtain the high

temperature expression for ¥, as follows;

spin

Xopin = (Z))Z—j:j {1 + %(a)g tw] -24; )}

(6.32)
Eq. (6.32) can now be used in Eq. (6.26) with

h
tan h(21?}j ~ 21/;1} to obtain,
@\ A
l" = 0 h
T high (27[)((017}
2 2
h
(a)bjl)J 1+
W4,

I N AN
P\ 12kt

(wgm;-u;)]

12(KT)’
(6.33)

For cubic potential of the form chosen earlier,

we have @, = w, . This reduces Eq. (6.33) to a simple

Ty s = (%) (%J explBIT?]

. R A
Pl 12k

form

(6.34)
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where B:h2(a)§—/102)/6K2. 4

exponentially enhanced as the temperature is
lowered.Thus not only the Tz-dependent X factor,
but also the thermal activation term which contains

is therefore

spin

an explicit quantum contribution ~ Q(%?). This

indicates that unlike classical thermal activation,
thermal activation by a spin-1/2 bath includes explicit
quantum character.While the thermal activation term
for spin-1/2 bath decreases, X exhibits exponential
enhancement with decrease in temperature.

2. Bosonic Bath

Similarly, from Eq. (6.28) Xposonic can be expressed
as (Wolynes, 1981; Barik et al., 2009).

/8 (a)o2 +a),f)

24(KT)> (€39

Zhosonic = 1+

The decay rate for bosonic bath at high
temperature therefore takes the following form:

_&(ﬁ}xp‘# (2 + 1)

T o\ w, 24(KT)?

KT (6.36)

F oy
exp }

The tunneling rate is found to be exponentially
enhanced at finite temperature. As the temperature is
lowered this factor increases rapidly. Since the
harmonic bath approaches the classical limit at high
temperature, thermal activation factor reduces to
standard Arrhenius form.

Thermal Activation and Tunneling Rate;
Momentum Coupling

The total Hamiltonian for the particle, bath and their
interaction in case of momentum coupling can be
described by the following Hamiltonian (Ghosh et
al., 2014).

~2

A= %+V(qA)+ 1Y, @,
k

1 . . . |[hma@, (s A
+520kp[mkckp+l\/—§ : (SE—Sk)} (6.37)
k

where the operators carry their usual notations as
discussed in Sec. IIA. The Hamiltonian here also
includes p* -containing counter-term. The presence
of such a term leads to stochastic acceleration (Fermi,
1949; Sturrock, 1966) with a reduction of effective
mass. After formally eliminating the bath degrees of
freedom as usual (Ghosh et al., 2012b) the reduced

operator equations for the particle with an effective

-1
mass M = (1 + Z m.c; J takes the following form
k

M+ Mjo drp(e)a(t -1+ V' (§) = M (1)
(6.38)

and

p=-V'(§) (6.39)
where «/(t—1t") and the noise operator f (t) are
given by

alt—t)=Y imw, sinw (t-t") (6.40)
k

A 1 hm,,
N=—=) o, |[——
f0=7 Ek 0, S

{6,(0)e +6/(0)e™"} (6.41)

respectively. The shifted bath operators similar to
Egs. (2.22)-(2.23) are given by

m.S

6.(0)=8,(0)+ic, ”
k

p(0) (6.42)
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. 5 . mS
6,(0)=S,(0)—ic, [=—=p(0) (6.43)
hw,
On the basis of the quantum mechanical average
<. . > taken with the initial product separable quantum
states of the particle and the bath at ¢ = 0,

L)) ).l ).l iy, ) as before, Eqs. (6.38)-
(6.39) can be cast into the form of a set of generalized

c-number pseudo-quantum Langevin equations
1
MG+M [ p(t)a(t—=1")dt’ +V'(g)

=Mn()+0(q,<64")) (6.44)

p®)=-V'(q)+0(q.(6q")) (6.45)

The properties of the thermal bath and the
dissipative mechanism can be described in a
convenient way by using a momentum spectral

density function J, (@) associated with system-bath

. . 4 2 3

interaction as J,(w) = > 2 c,m@,0(0—-w,) .
k

In terms of this momentum spectral density

function J,(®@), one may define a momentum

function

J (@
w

y, )= EJW dw ) cosw(t—1") (6.46)
T
The definition of statistical average Eq. (3.25)
together with the ansatz Eq. (3.23) or Eq. (3.24) can
be used to show that c-number noise 77(¢) due to
spin-1/2 bath or bosonic bath satisfies the following
relations, respectively

(n), =0 (6.47)

J, (@)
@

F_ 2
@) ==[_do
pl N

ho tanh (h_a)) cosaw(t—t")
2 2KT 6.48)

J, (@)
@

5_ 2
nm ) == do
ﬂ 00

ho coth (h_a)) cosw(t—t")
2 2KT

respectively. Finally in Eq. (6.40) can be rewritten as

(6.49)

at) = dr'y, (&)= ;c,fmka)k sinw,t (650

The c-number Hamiltonian corresponding to the
pseudo-Langevin Eqgs. (6.44)-(6.45) for a particle with
an effective mass can be constructed as before

2 1 R
H= % + [V(q) + Z—,V(")(q)wq”)}

n22 n:

+

| =

k

CSul) [ n .
where, % = > ‘ Sm., (:“k"':uk) and

_C(S,lul) hmao,
P 2 S

density function corresponding to the Hamiltonian

2
p
Y| mawix; +m, (—"—Ckpj 6.51)
& m

(/J: — U, ) . The spectral

T —
[Eq. (6.51)]is /(@)= > Y G050 -0,) i
k

C, =C,+/m, . We now assume that at ¢ = 0, the

potential V(g) feels a barrier height y/# around ¢ =0
so that
_# 1 2 2
Vig)=V _5 ,4-+V,(q) (6.52)

where, V(g) contains the usual anharmonic terms. To
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diagonalize the Hamiltonian first we may similarly
define the frequency-mass weighted coordinates and
momenta as follows

q=w,q p=—

_ — DPr
X, =NM W X, P =

T,

In terms of these newly defined mass and
frequency weighted variables the Hamiltonian [Eq.
(6.51)] may be rewritten as,

(6.53)

H=H,+V,(q) (6.54)
where,

1 1 1
H,=—w,p’+V'-=g* +=
075 » P 1 2q 5
—2 2 = [ _|

E Xyt | py———W,p (6.55)

k a)k

and V,, contains of the nonlinear terms of the
potentialas discussed in the spatial coupling case. The
c-number Hamiltonian for the unstable system normal
mode for the system is then given by

N
/02 +2{ ot xk}

(6.56)

H, :%/prz +V* -

where A and {/Ikz} are respectively the square of

the frequencies of the unstable and stable normal
modes of the system and bath. They are given by the
following expressions

(6.57)
2 _ &2)

and

(6.58)

Taking the Laplace transformation of the time

dependent memory function of the system ¥, (¢) [Eq.
(6.46)] we have

27 J, ()
[ der = - (6.59)

V,(8)== ;

Ty W o +s

where, 7,(s) =L [y(#)]. Combining Eq. (6.58) and
Eq. (6.59) we obtain

ﬂbz :a)bz |:L_ 77(S):|

M Ky

(6.60)

where, M is an effective mass M = (1 + 2 ka;f J
Next we proceed to a normal mode anaflysis for N
fictitious bath oscillators plus one harmonic oscillator
for the system mode. The harmonic Hamiltonian for
the system mode can be obtained from Eq. (6.51)
with the replacement of V(g) by %(Uoz(q—qo)z
(where the potential V(q) is linearized at ¢ = g, ) and
the nonlinear terms are neglected as before. After a
similar transformation the normal mode Hamiltonian
in this case can be expressed as,
N
H= it s v |
(6.61)

where, A,,{A,} refer to the frequencies of the stable

normal modes of the system and the bath,

respectively. Here A, and {A,} are given by the

following forms,

) W’ 1 7(s)
P — )
1+a)§27f"' . S

k=1 ((l)k - jn )
(6.62)
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) w?> E= 1., . Vi I,
Al = —r —E%p *Vi=op (6.66)
afECi’f (6.63)
0 2 2 .
i (@ —AY) Thus by going over to the energy space from

Now we calculate the escape rate of a particle
trapped in a potential well due to momentum
coupling. We assume that the particle is equilibrated
in the spin-1/2 bath or harmonic bath described by N
fictitious oscillators. Thus the unstable mode of the
inverted oscillator (for the particle) is thermalized
according to a distribution of (N + 1) independent
normal modes, given by

fFB Z ;ibzpz-i_‘/#_;pz
= FBCXP

nA,(1F21(4))
N ﬂ%zxk + xk
ECXP Mk (1 +2n(,1k)) (6.64)

where, Z;?B are the respective normalization
constants. Similarly for the stable normal modes for

(N + 1) oscillators we may write,

/?02/0 o1 p
hﬂo (1+2n(/10))

FB _ -1
feq - ZF,B exXp| —

1

1
2,72 ’2
N *Akxk +*xk

)
[Texe) 5% (1F27(A,))

(6.65)

Normalizing the distributions and with y*-*

defined as in Eq. (6.23) we have total energy of the

unstable mode as

P, O, the equilibrium distribution functions are given
by,

Wy ﬁ F.B
27hA, (1F20(4)) , d

Py (E)=

E
eXp[— i, (11217(10))} (6.67)

The rate of barrier crossing is then given by

O 4y, v
r eXp[_hﬂo (1F 2;7(/10))}

27z a)b
(6.68)
where,
tanh (ﬂ%j
— bﬂo H 2 ;(F
K spin = O i h( A, j (6.69)
2KT
and
v coth (M)
— a)bj-[) H 2KT — B
Ibosom’c (670)

DA, i coth AA
2KT

Eqgs. (6.73)-(6.75) look similar in form as
obtained for spatial coupling case. However, their
explicit analytical expressions differ quite
appreaciably leading to completely different
situations. We examine the consequences in the
following two limits as done in the spatial coupling

case.
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(i) Tunneling at 0K

1

When 7 ~ 0, i.e., E—> °_ both hyperbolic

tangent and cotangent factors become unity. This

a)b
woﬂ’b
rate for both kind of bath becomes,

_o[ A oA [ VT
FmOK—M[%)(%%J p( Mﬂj 6.71)

As we have noted earlier that the main effect of

resultsin £ tobe X = . Therefore the decay

the bath is to modify the bare frequencies. By virtue
of Eq. (6.62), it follows that dissipation in momentum
coupling increases A, compared to @), instead of
decreasing it, as found in case of spatial coupling. To
make this point clear, we consider a specific form of
a momentum spectral density J,(w) with a cut off
W, as;

T
I @)= y0*0(w, - w) (6.72)

where, @ (x) is the Heaviside function. One then

finds from Eq. (6.59) that the Laplace transform of
the momentum function is given by

V,(8)=vs [a)c —stan™ (&ﬂ
s

and the effective mass M as

(6.73)

M=+yw,)" (6.74)

Eq. (6.74) implies that in the limit @, — o=,
the effective mass goes to zero, i.e., a clear indication
of stochastic acceleration (Sturrock, 1966). Now,
substituting Egs. (6.73)-(6.74) in Eq. (6.62) the stable
normal mode frequency for the system mode reduces
to

1/2

A =0 (1+yw,) (6.75)

Eq. (6.75) suggests that same thing happens also
for the normal mode A, at the barrier top indicating

that the momentum coupling leads to a thinning of
the barrier, compared to the usual broadening of the
barrier for spatial coupling (Pollak, 1986; Levine et
al., 1988). Momentum coupling therefore causes an
enhancement of the tunneling rate. By choosing a

b
cubic potential of the form V(g) = ng - §q3 , the

2
barrier height y* is given by V¥ = 2—760; (Ag)’

where Ag refer to the as usual tunneling length under

harmonic barrier and also @, =@, . The decay rate

is then given by

r iexp {— Aoy (Ag)® (1 _yo, ﬂ

at0K = o 7 >
2 2
A exp[_ Aa)oh(Aq) }exp{Awo(Aq) ;/a)c}

27 2h

(6.76)

2
where, A= 2—7 Eq. (6.76) reveals that because of

dissipation the tunneling rate at OK is multiplied by

Aa)O (AQ)Z j/a)c

a factor exp( 7 J Tunneling at 0K is

therefore exponentially enhanced by dissipation in
the case of momentum coupling as compared to
spatial coupling where we find the decay rate
exponentially damped due to dissipation (Caldeira
and Leggett, 1981).

(ii) At Finite Temperature

Athigher temperatures the leading order contribution
to the decay rate due to quantum transmission and
reflection at the finite barrier is governed by the ¥
factor. Therefore we consider again the two cases
separately;
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1. Spin-1/2 Bath as
The decay rate at finite temperature for spin-1/2 bath 72 ( W2+ a)z)
can be calculated similarly [Egs. (6.30)-(6.35)] as =1 0 R
Hoononi 0 kT (6.79)

24

(wb/lo T . w(w; +w; —247)
0y, 12(KT)’

(6.77)

R R A
P (hA,)* 12KT

For cubic potential of the form chosen earlier,
we have to set @, = @), . This reduces Eq. (6.82) to a

simple form after a little bit of rearrangement as
% Yo, 1o,
L ign = - |SXP| ~ 20
27\ 4, 6(KT)

V#
exp [— iA) 12KT } (6.78)

where, we have used the relation Eq. (6.75). For

momentum coupling %, is therefore exponentially

spin
damped at finite temperature. Eq. (6.83) is the high
temperature decay rate for the spin-1/2 bath. An
hallmark of the above expression is that the # factor
increases with increase of temperature and also the

thermal activation term contains an explicit quantum
contribution ~ O(#%") . The Arrhenius term decreases

with increase of temperature which arises due to
thermal saturation of the bath. Unlike classical
thermal activation, spin-1/2 bath contains explicit
quantum character at high temperature.

2. Bosonic Bath

Similarly, from Eq. (6.75) Xposonic can be expressed

The decay rate for bosonic bath at high
temperature therefore takes the following form:

W W lw +ow?
l_‘Thigh :ﬁ(iJexp _}/Q)FM

w, 24(KT)?
V#
e —_——

The tunneling rate is found to be exponentially
damped at finite temperature. As the temperature is
lowered this factor decreases rapidly. Since the
harmonic bath approaches the classical limit at high
temperature, thermal activation factor reduces to
usual Arrhenius form.

(6.80)

Application; Experimental Realization of Spin
Bath

We begin this section with a note that our theoretical
findings are applicable to reservoir of independent
spins interacting with a properly chosen system
coordinate. Because of small size and large surface-
to-volume ratio nano-electro-mechanical devices are
good candidates for studying noise and dissipation
in the regions ranging from classical to quantum
domain. A nano-mechanical resonator e.g., a
cantilever of nano-scale dimension which can vibrate
at GHz frequencies (Craighead, 2000) may serve as
an interesting device. The low frequency oscillation
which arises from the anharmonic excitation of
impurities and disorder on the amorphous surface of
the cantilever itself may be viewed (Liu et al., 1999)
as arising from two-level systems corresponding to
two lowest energy eigen states. The dissipation of
oscillation at various temperatures can be studied as
possible application in these nano-mechanical devices
and it is expected to reveal the differences from a
bosonic bath. Another area of application is the spin
dynamics of an electron in semi conducting nano
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structures. A typical example is an electron spin in
an isolated GaAs semiconductor quantum dot in
which each nucleus carries a spin, interacts through
hyperfine interaction. Such investigations leads to
understanding of spin decoherence (Khaetskii et al.,
2002). Since quantum dots serve as ‘artificial’ two-
level atoms in many situations and the varying system
size results in a distribution of frequencies, a reservoir
of two-level quantum dots can be used for studying
quantum dissipation in a spin bath at low temperature.
When the number density of dots, say, is of the order
of 10°cm™ as often found in experiments, the system
experiences practically a Fermi sea with infinite
degrees of freedom. Finally, we mention the thermally
induced coherence as manifested in several photo-
absorption emission experiments in quantum dots
(Bras et al., 2002) can be modeled to revalidate our
formulation. Ideally the typical system-spin bath
model for dissipation we have in mind for the
demonstration of temperature assisted coherence in
quantum dots is a two-level quantum dot kept in a
suitably designed environment of two-level quantum
dots with characteristic size distribution. The
important findings include decrease of integrated
absorption coefficient with temperature (Ghosh et al,
2011a), anomalous narrowing of line width (Ghosh
et al., 2011a; Ghosh et al., 2011b) and formation of
thermally induced Mollow triplet in presence of weak
light field (Ghosh ez al., 2011b). The efficacy of the
present scheme can also be ascertained from the
recovery of Caldeira-Leggett’s celebrated result of
exponential suppression of tunneling by dissipation
at OK (Caldeira and Leggett, 1981) as discussed in
the last section.

Temperature Assisted Coherence in Quantum Dots;
An Experimental Verification

We consider the following Hamiltonian for a two-
level system in a spin-1/2 bath;

~ 1 . 1 A
H=—1Q6, +=Yhwd,
2 24

+h2(gk6'/jd'+g:6jd'k) (7.1
k

Hamiltonian for the system is specified by the
Pauli operators 4%, & and . . The Pauli operators

for the system follow the usual commutation relations
as follows;

[6',6]1=6.;[6",6.1=-26";16.6.1=26
I | e 1 .
O'TO'=5(1+O' );66" :5(1—0'1) (7.2)

Similar relations also hold good for bath
operators. Particularly, using the commutation and
anti-commutation rules obeyed the spin-1/2 bath
operators we have

(7.3)

So, OA'Z,C =2n, —1 where 7, is the number

operator OA',(T G, . Proceeding as in Ref (Ghosh et al.,

2011a) we arrive at the Bloch equations for dissipative
dynamics of a two-level atom in a spin-1/2 bath as
follows;

]

v=-g ¢ (7.4)
o1

V——FZV (1.5)
. W -w

W:_( T Oj 7.0

where U, V and W are the Bloch vector components
(Ghosh et al., 2011a) and we have

1 nQ

~ =y tanh| =

T, Yol2 (2KT) .7
and

1 "0

— =2y tanh| 2=

T ¥, tan (2KT) (1.8)

The steady state value of W is W, given by
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1

W(t = o) =W, = —— A characteristic feature ofthe W = _l ; (7.14)
2 201+ 1L(5) '

spin-spin (7,) and spin-lattice relaxation (7)) times
for the spin-1/2 bath is their temperature dependence.
The origin of this temperature dependence is due to
the nonlinear nature of the two-level bath atoms in
contrast to harmonic bath as pointed out in Sec. IVC.

To gain further insight into the nature of the
spin-1/2 bath for the damped two-level system, let us
now specialize to the case of the two level atoms is
subjected to optical excitation. The dynamics is
modified to include the energy of interaction between
the system and the field. One arrives at the following
optical Bloch equations:

. U
U=—;2—5V (7.9)

v
V——F+5U +ROW (7.10)

2

. 1 1 R

W=-— W+§ -KW (7.11)

1

Here O0(=Q-w) denotes the detuning
frequency and R, refers to the Rabi flopping

frequency d%_ & is to the slowly varying

amplitude of the classical radiation field with
frequency and is the dipole moment matrix element
between the two states of the system. The above
description allows us to calculate the steady state

absorption coefficient (¢ ). We first set {7 = V=

W =0 and find the expressions for the steady state
values of Bloch vector components U, V_ and W_ as

OR.T?
U - _ 0°2
2+ 1+468°T)) (7.12)
R.T
Vo= (7.13)

CT U 2(1+1+8°TY)

Here [ stands for the dimensionless intensity

(I =R,TT,) and £(5) is the dimensionless

Lorentzian of the form £ (0) = 22 . The stead
1+8°T, Y

state polarization P of N number of two-level
atoms per unit volume can then be linked with the
steady state Bloch components (Meystre and Sargent,
1991) as

P=Nd(WU,-iV,) (7.15)

Furthermore, use of Egs. (7.12)-(7.13) in Eq.
(7.15) results in the expression

p__i[d ) NDW@ |,
2l m N 1+125)

1

(7.16)

D(5)= 0
with ¥, tanh (j +i5 . Comparing Eq.
2KT

(7.16) with Maxwell equation relating polarization
P and electric field amplitude E (Meystre and Sargent,
1991), i.e.,

{2

where, ¢ is the permittivity of the medium and V is
the wave number, we have the expression for complex
susceptibility as

(7.17)

hQ
Yo tanh (QKT) D(§)
1+1£(5)

a=q, (7.18)

where, the linear (I = 0), resonant (0 =0)

susceptibility ¢, is given by
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d’N

hQ
dehy, tanh| ——
Yo (2KT)

oy =—
(7.19)

which is positive for an uninverted medium (N < 0).
The nonlinear absorption coefficient is then given by

tanh (WJ 2
Yo 2KT
2
hQ (7.20)
|:}/0 tanh (QKT):| I+0H+ 0’

We note this expression for absorption
coefficient is Lorentzian; both the peak and the width
are dependent on temperature. Ideally the peak of
the Lorentzian at a given incident power corresponds
to a zero-phon online since the bath considered here
is devoid of any contamination of phonon modes.
Taking care of these modes results in a simple

Re(a) =,

hQ
P Wi tanh| —
modification of the line width [7/ 0 (ZKT j:| ’

nQ
by |V Y, tanh KT )| Where 7, is the

additional dissipation constant due to phonon modes.
The line width varies with incident power, (/) as,

(1+1)"* where I can be written as a product of

tanh LA 2
temperature-dependent term KT and

I R;
Iy = 57/—2 . It is convenient further to express Eq.
0

(7.20) into the following form

Re(ax) =
tanh (m)
2KT

ECIEREENS

(7.21)

c

Here c is a temperature independent constant
that can be expressed in terms of quantities in Eq.
2
A% = 5_ . . . .
(7.34). - }/2 is the dimensionless detuning
0

parameter and I, is the dimensionless incident
intensity or Rabi frequency. These two parameters

and the dimensionless ratio E are three basic

quantities to correlate theoretical finding with
experimental observations.

The theoretical results can be correlated with
experiments, particularly on photo-absorption and
emission experiments with single quantum dots to
examine the relaxation processes. We focus on
situations at low temperature where the quantum dot
optical spectrum is mainly determined by zero-
phonon line and the environment of two-level
artificial atoms with characteristic distribution of
frequencies can serve as a reservoir to induce
relaxation effect. In what follows we consider
particularly three aspects; 1. Anomalous temperature
dependence of absorption coefficient; 2. Incident
power dependence of absorption coefficient and 3.
Narrowing of line width with temperature.

Temperature Dependence of Absorption Coefficient

The optical transitions or inter-sublevel transitions
between conduction confined states or valance
confined states of quantum dots can be observed
experimentally by charge modulation spectroscopy,
photo-induced spectroscopy or by direct
spectroscopy. We consider the results reported by
Bras et al. (Bras et al., 2002) on inter-sublevel
absorption as a function of temperature in n-doped
InAs/GaAs self-assembled quantum dots for
transition between s-type ground state to first p-type
excited states. Two such typical absorption curves
are shown (black squares) in Fig. 7.1 (a) and (b) at
two different temperatures (15K and 60K). Also a
decrease by a factor 4 of the integrated absorption is
observed from low temperature to room temperature.
This is illustrated in Fig. 7.2. The onset of the decrease
occurs ~ 70K. In order to correlate the above
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observations with nonlinear absorption coefficient we
make use of the expression [Eq. (7.21)] for Re(«).

We fix ¢ = 1.008 for the entire calculation. The
parameters used are [, = 98.0 and 7Q =55.4 meV.
The solid lines in Fig. 7.1 (a) and (b) represent the
theoretical curves. It is evident that the theory agrees
with experimental data at very low temperature. With
increase of temperature the experimental absorption
profile progressively deviates from the expected
Lorentzian profile with the appearance of low
temperature acoustic phonon side bands. As the origin
of the width of the profile at higher temperature is
uncertain due to various factors like, dislocations,
defect etc., in addition to the factor due to spin-1/2
bath, we have used the experimental width for
simulating the absorption profile for computing
integrated absorption coefficient shown in Fig. 7.2
(solid line). The anomalous decrease of integrated
absorption intensity with increase of temperature has
been reported by several groups (Onishchenko, 2005)
in other quantum dot systems in the recent past.

Variation of Line-width with Incident Power

A typical experimental variation of line-width with
incident power is shown by black squares in Fig. 7.3
for a single quantum dot system at 20K (Favero,
2007). The expression for absorption coefficient [Eq.
(7.21)] shows that the line-width varies with incident

power as (14 7)"? for a given temperature. This is

depicted by a continuous line in Fig. 7.3 for 7= 20K
and 7Q=1.96

corroborates closely to the experimental data.

eV. The theoretical curve

Narrowing of Line-width with Temperature

A characteristic feature of the Bloch equations for
spin-1/2 bath is the temperature dependence of
relaxation times T and T,. This is reflected in the
expression for line-width in Eq. (7.21). It is apparent
that for a given incident power (/) line width
decreases with increase in temperature. The variation
of line-width with temperature is shown in Fig. 7.4
for several values of incident power. Due to the
limited accessibility of the states of a spin-1/2bath as
compared to availability of infinite number of states
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Fig. 7.1: A comparison of inter-sublevel absorption profiles at (a) T
= 15K and (b) T = 60K between theory (solid line) and
experiment (Bras et al., 2002) (black squares) for

dimensionless incident intensity 7, and 7Q = 55.4 meV.

[Reproduced with permission from “A. Ghosh, S. S. Sinha
and D. S. Ray, Langevin-Bloch equations for a spin bath, J.
Chem. Phys. 134, 094114 (2011)”. Copyright 2011 AIP
Publishing LLC]

of a harmonic bath. Therefore temperature favours
coherence or leads to suppression of line-width. It
may also be mentioned that the narrowing has been
observed when the incident power is low so that
thermal effect comes into play. The effect is likely to
disappear at higher incident power due to power
broadening.

Thermally Induced Spectral Splitting in Mollow
Triplet

Next we consider the system driven by a classical

electromagnetic field v(¢) so that the total
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Fig. 7.2: A comparison between theory (solid line) and experiment
(Bras et al., 2002) (black squares) of normalized integrated
absorption as a function of temperature for dimensionless
incident intensity I, and 7Q = 55.4 and meV. [Reproduced
with permission from “A. Ghosh, S. S. Sinha and D. S. Ray,
Langevin-Bloch equations for a spin bath, J. Chem. Phys.
134, 094114 (2011)”. Copyright 2011 AIP Publishing LLC]

107 10" 10
Incident power

Fig. 7.3: Variation of dimensionless line width (FWHM) with
dimensionless incident intensity / o at20K (theory-solid line;
experiment (Favero et al., 2007)—black squares) for
71Q =1.96 eV. [Reproduced with permission from“A.
Ghosh, S. S. Sinha and D. S. Ray, Langevin-Bloch equations
for a spin bath, J. Chem. Phys. 134, 094114 (2011)”.
Copyright 2011 AIP Publishing LLC]

Hamiltonian can be expressed as

IR U .
H=—hQ6, += Y hwd,
2 24

+ hz (8,6/6+g.6°6,)
k

+ h(v(t)oA'T +v (t)OA') (7.22)

The last term refers to the interaction between

Fig. 7.4: Variation of dimensionless line width (FWHM) with inverse
of temperature for three different values of dimensionless
incident intensity / 0= 0.125 (solid line); (dashed line);
(doted line) for 7Q = 5.0 meV. [Reproduced with
permission from*“A. Ghosh, S. S. Sinha and D. S. Ray,
Langevin-Bloch equations for a spin bath, J. Chem. Phys.
134, 094114 (2011)”. Copyright 2011 AIP Publishing LLC]

the system and the classical field v(¢) which is given

by v(t) =V, expl-iwt], V,= d%h' d is the
transition dipole moment and E is the complex
classical field amplitude. @, is the frequency of the

field. The Hamiltonian [Eq. (7.22)] is based on
rotating wave approximation. As in other physically
relevant situations in quantum optics it is sufficient
to work within weak coupling (Born approximation)
for the two-level atom and the bath. However, the
coupling between the two-level system and the
driving field is arbitrary. The working range of
intensity is such that the Rabi frequency is either
larger than the damping rate for coherent regime or
much less than it for the incoherent regime.
Proceeding as in Ref (Ghosh et al., 2011b) we
calculate the resonance fluorescence spectrum and
its intensity from driven atom in a spin-1/2 bath.

Scattered Intensity of Resonance Fluorescence

Since the far field emitted by a dipole is proportional
to the dipole, the scattered intensity is proportional
to the single-time first-order correlation function of

the dipole i.e.,

1=af S 08w, =aT(s,), (123)
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where, ¢ is a proportionality constant. In deriving
Eq. (7.23) we have also used the relation

S')S@) =l aXblib)al=la)al= S (1)
(7.24)

Here, a and b denote the upper and lower levels
of the two-level system, respectively. The spectrum
can therefore be calculated by recognizing the slowly
varying operator nature of the system variables

S'(©),8.(t) and S(r) such that S§(r) =
6(@t) exp(iQr), S'(t)=6"(t)exp(—iQt) and
S (t)= 9 We further denote 55*0),53’2 ()
Z 2 g
and 5§ (1) as the corresponding fluctuation operators
so that ﬁ*([):S*([)-p(S‘ﬁT(t) and so on. By
construction, (5SAT(I)>:(5.§Z 1) = <5§(t)> =0

and [8S7(1),88(1)1=255.(t); {887 (1),88(1)},
= 1. Equation (7.24) therefore yields

I= afordt 1(S" (1)), I +aj0sz

(58" (1SS, (7.25)

or,

I=1_ +1

coh inc

(7.26)

The scattered intensity consists of two terms.
The first one originates from the mean motion of the

dipole ((S *)y) driven by the applied field, i.e., the
coherently scattered intensity [, while the

incoherent contribution I, is due to the fluctuations

of the dipole motion. Comparing Eq. (7.23) and Eq.
(7.25), we find that the incoherent intensity is given
by

L. =aT(S,),—1{(S), ) (7.27)

991
Using the steady state values we have
1
" 12£2F0
1,=aTI(S") P=aT —=—— (7.28)
R T N
L,
1. =aT 2 -1 7.29
inc 1+ IZEZ coh ( . )

Here, the dimensionless incident intensity is I2
and L, is a Lorentzian in form. As usual, the
coherently scattered intensity vanishes for the strong
driving field 7, >> 1. This is because the coherent
part is proportional to the squared magnitude of the

steady state dipole [ (S *>f], which bleaches to

zero in strong driving field limit. On the other hand,
the incoherent part is due to spontaneous emission
from the upper level, whose probability of occupation
is approximately Y2 in strong field. In the weak field
limit, the atom remains essentially in the ground state
as no spontaneous emission takes place. These
radiative properties of the two-level system closely
correspond to the usual case of harmonic bath and
are illustrated in Fig. 7.5 which shows the coherent
and incoherent contributions to the scattered light
intensity as a function of dimensionless incident
intensity /,. The signature of the spin-1/2 bath,
however, is markedly manifested when the coherent
and incoherent scattered intensities are plotted at
different temperatures as shown in Fig. 7.5. In the

weak field limit, 7, at higher temperature (T =

100K; dotted line) is larger than that at lower
temperature (7 = 30K; continuous line). This
essentially indicates that increasing temperature
assists coherence. From Eqgs. (7.28) and (7.29) it
appears that by equating them one may obtain a
transition temperature 7, for lower value of I, as

2
1ven Oor zero dctunin,

tr

(0, =0). In Fig 7.6 T, is plotted against 1, to

t
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Fig.7.5:Variation of coherent and incoherent intensity with
dimensionless incident intensity for #Q = 20 meV at two
different temperatures 7 = 30K (continuous line) and T =
100K (dotted line) with zero detuning ( 5 = () ). [Adapted

from “A. Ghosh, S. S. Sinha and D. S. Ray, Dissipation in a
spin bath; Thermally induced coherent intensity and spectral
splitting, Phys. Rev. E 134, 094114 (2011)”. Copyright 2011
by the American Physical Society]

illustrate the dividing line between coherent and
incoherent regime. It therefore, follows that by tuning
the temperature of the spin-1/2 bath it is possible to
realize a cross over between coherent and incoherent
regime at a particular strength of the driving field.
This result is a further confirmation of an earlier
observation that spin-spin-bath model exhibits
distinctly different physics at non-zero temperature
as compared to spin-boson model. Higher field masks
the coherence effect due to power broadening.

Calculation of Resonance Fluorescence Spectrum;
Thermally Induced Splitting

For an ergodic and stationary process, the spectrum
S (@) (Louisell, 1973) can be expressed following
Wiener-Khintchine theorem as
S(@) < j: dr(E (7)E* (0)) exp(-i@7)+c.c
(7.64)

Then using the slowly varying operators §(f)

and § "(t) as before one may rewrite Eq. (7.64) in

the following form:

s@)=p[ (S @80,

expli(w,-w)7]+c.c (7.65)

where, [ is a proportionality constant. We may

derive the light spectrum into coherent and incoherent
parts as in the case of scattered intensity;

S(@) = S, (D)+S, (@)
=KS" (1)), ] jo“' dr expli(w,-@)7]

+B| dz (88" (1)3S0))),

expli(w,-w)T]+c.c (7.66)

The coherent part, i.e., the Rayleigh peak can
readily found to be

S, (@)=27BKS") P8 (w,-@)

e,

5(w,-@) (7.67)

Yo (1+1,L,)°
It consists simply of a delta-function centered

at @, (=€ for 50 = (). To evaluate the incoherent

part, we need to estimate the two-time correlation
functions of the atomic fluctuations operators, which
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Fig. 7.6: Variation of T, forsmaller value of dimensionless incident

intensity I, with 7Q = 20 meV for zero detuning ((5 = O).

[Adapted from “A. Ghosh, S. S. Sinha and D. S. Ray,
Dissipation in a spin bath; Thermally induced coherent
intensity and spectral splitting, Phys. Rev. E 134, 094114
(2011)”. Copyright 2011, American Physical Society]
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can be calculated from the quantum correction
equations (Ghosh et al., 2011b). Explicit evaluation

of the above for central pump detuning (J, = 0)
yields the three-peaked in coherent spectrum with

A=(w,—®) as;

SAAL = p

1mnc hg
2y tanh| 122
Vo tall (ZKT)

2
hQ
2| tanh| %

Yo {an (2KTH
2

hQ
> tanh| 752 || A2

Yo [an (2KTH

B

no
2y tanh| 2
Vold (2KT)

2
L, 47 tanh(mj
7o 4 2KT

+

Ly +7, 1 o \T
(RO T A)Z + Z (FO + }/0)2 tanh (m)

(7.73)
The incoherent part of the scattered spectrum

consists of three peaks, as expected from the dressed
atom picture. The central peak at 4 = ), has a width

hQ . )
¥, tanh| —— |, while the side bands centered
2KT

about the frequency @ =Q*R,, have a width
1 hQ . . .
—((T,+y,)tanh| —— |. R, is the Rabi flopping
7 Lot ) (ZKT) ’

frequency defined by d_hg . Though at zero Kelvin

the situations are completely identical for both
bosonic and spin-1/2 bath, we obtain an interesting

result for spin-1/2 bath at nonzero finite temperature
which largely deviates from its bosonic counterpart.
The substantial reduction of linewidth with rise of
temperature in quantum dot two-level systems as
reported in a number of photo-luminescence
experiments by several groups lends support to this
observation (Bras er al., 2002; Onishchenko et al.,
2005). Fig. 7.7 shows that at low field i.e., for small
Rabi frequency R,, one may obtain three-peak
Mollow triplet by tuning temperature to a higher
value. This result demonstrates that with increase in
temperature the single peak splits into three in a low
driving field regime, because of emergence of
coherence behaviour as a result of suppression of
width at relatively higher temperature in a spin-1/2
bath. This result is a strong departure from what one
observes in conventional quantum optics.

= =
= ]
T T

Incoherent spectrum
=

0 e o
A(meV)
Fig. 7.7: Thermally-induced Mollow triplet:At low field the single

peak splits into three by increase of temperature; 7 = 70K
(continues line); T = 160K (dashed line); 7' = 460K (dashed-

dot line) for I, and 7Q = 20 meV

Conclusions

In this review we have outlined a simple approach to
quantum dissipation based on a universal realization
of an environment in the form of a general spin bath.
The basis of this approach is the spin coherent state
representation of quantum noise operators and a
thermal canonical distribution of the Gaussian form.
‘We have shown it is possible to construct a stochastic
differential equation in the form of a c-number
Langevin equation with quantum correction terms
which can be solved with sufficient degree of
accuracy. Based on Langevin formalism we have
derived the quantum analogues of Fokker-Planck,
diffusion and Smoluchowski equations for both spin-
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1/2 and harmonic bath and the formulation is applied
to rate processes in chemical dynamics. Practical
realization of spin-1/2 bath has been discussed in
connection with absorption-emission experiment with
quantum dots and in quantum optical context. We
now summarize the main conclusions of the study:

®

(i)

(iii)

We have proposed a system-generalized spin
bath Hamiltonian which can serve as a universal
paradigm for description of interaction between
an environment and a quantum particle. Two
special limits of this general spin bath
correspond to spin-1/2 bath and to bosonic bath.
A mapping between spin operators and boson
operators for a finite basis using Holstein-
Primakoff transformation plays a key role in
realization of the two limits within a unified
description. The Hamiltonian reduces to
Zwanzig Hamiltonian describing a particle
interacting with a harmonic bath in the large
spin limit. The reduced equationof motion for
the particle assumes the form of a classical
Langevin equation with quantum noise
correlation.

Our emphasis has been to look for a natural
extension of the classical theory of stochastic
processes to quantum domain. Since the states
of the general spin bath used are the spin
coherent states, they facilitate the use of c-
numbers for the description of the bath. The
statistical character of the bath is reflected
through the canonical thermal distributions of
the c-numbers for bosons and fermions. For
spin-1/2 bath this distribution is a fermionic
counterpart of Wigner canonical thermal
distribution and is a new content of the present
analysis.

We have presented a scheme to generate
quantum noise as ‘classical’ numbers which
follow quantum fluctuation-dissipation
relations. Hence, it is easy to comprehend that
the classical numerical techniques for
generation of noise can be used in a
straightforward way to solve quantum Langevin
equation under the present scheme. The
procedure is easier to implement than path

(iv)

(v)

integral Monte Carlo techniques. The present
scheme is equipped to deal with quantum
dynamics for a wide range of noise correlation
and temperature.

The probability distribution functions bear the
true notion of probability rather than quasi-
probability employed for describing Wigner,
Glauber-Sudarshan or Q-functions. This enables
one to explore these equations in full quantum
domain, e.g., in the zero temperature tunneling.
The behaviour of the diffusion constant and the
mean square displacement of the particle in a
spin-1/2 bath as a function of temperature have
been found to differ significantly from their
bosonic counterparts.The generic consequence
due to restricted options for thermal excitations
in a spin-1/2 bath is that the temperature favors
suppression of diffusive motion, although
quantization, in general, enhances mean-square
displacement. We have shown that although
quantization has a significant effect on the decay
of the metastable state the rate constant is finite
at OK and exhibits the predominance of coherent
behaviour at low but finite temperatures.

We have considered the problem of quantum
decay of a particle out of a metastable state
which can interact with its environment either
by spatial or momentum coupling. Both
tunneling and thermal activation can be treated
on equal footing by taking care of thermalization
of the stable and unstable normal modes within
an unified description by using the aforesaid
canonical thermal distributions for spin-1/2 and
bosonic bath. At OK for both harmonic and spin-
1/2 bath dissipation due to spatial and
momentum coupling multiplies the tunneling

probability by a factor exp [iAI(O (Aq)2 / h} ,

respectively, where (Aq)2 is the tunneling

length, K is the dissipation constant and the

numerical constant A depends on the parameters
of the potential. For spatial coupling this
corresponds to the seminal result of Caldeira
and Leggett (Caldeira and Leggett, 1981) and
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is a vindication of the fact that the spin-1/2 bath
and the harmonic bath behave identically at OK.
We found that at low but finite temperatures
both spin-1/2 and harmonic bath induces
thermal activation and tunneling and the rate

goes as exp (B / T2) for spatial coupling while

exponential suppression of rate as

exp (—B/Tz) takes place for momentum
coupling.

(vi) We have explored several practical examples
of spin bath in connection with photo
absorption-emission experiments with two-level
single quantum dots (spin-1/2 bath). It has been
found that since two-level bath behaves as a
nonlinear system in contrast to a harmonic
oscillator bath, the spin-spin and spin-lattice
relaxation times behave differently from their
bosonic counterparts. Because of limited
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