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We address aversion of the set-cover problem where we do not know the setsinitially (and hencereferred to as covert) but
we can query an element to find out which sets contain this element aswell as query a set to know the elements. We want
to find a small set-cover using aminimal number of such queries. We present a Monte Carlo randomized algorithm that
approximates an optimal set-cover of size OPT within O(log N) factor with high probability using O(OPT - log? N) queries

where N isthe input size.

We apply this technique to the network discovery problem that involves certifying al the edges and non-edges of an
unknown n-vertices graph based on layered-graph queries from aminimal number of vertices. By reducing it to the covert
set-cover problem we present an O(log? n)-competitive Monte Carlo randomized algorithm for the covert version of
network discovery problem. The previously best known algorithm (Beerliova et al., 2006) has a competitive ratio of

Q(/nlogn) and therefore our result achieves an exponential improvement.

I ntroduction

Given aground set Swith n” elements and afamily
of sets S, S,...S,y where! ScS acover Cisa

collection of setsfrom this family whose unionisS.
It is known that finding a cover consisting of the
minimum number of sets is a computationally
intractable problem (Garey and Johnson, 1979).
There are many strategies (Chvatal, 1979; Johnson,
1974; Vazirani, 2001) to approximate the smallest
cover withinafactor of O(logn”) whichisknownto
be the best possible unless P = NP (Feige, 1998).

Inthis paper, we consider thefollowing version
of the set cover problem. Although we know m’,n",

we do not know the elements nor the cardinality of
any of thesets S. Weare allowed to query an element
ee S thatreturnsal sets S that contain e which we

* Author for Correspondence: ssen@cse.iitd.ernet.in

refer to asahitting-set query; we can also query a set
to know its elements. We would like to compute a
small set cover of Susing aminimal number of such
queries. More specificaly, if OPT is the minimum
size of a set cover for any instance of the problem,
we would like to find a set cover of size O(OPT -
polylog n”) using only O(OPT - polylog n”) queries.
Note that by using min{ m’,n’} queries, we can
reduce it to the standard version but the number of
queries may not satisfy O(OPT - polylog n”). By
restricting the number of queriesto be closeto OPT,
an algorithm cannot afford to learn the contents of
al the sets, yet it isrequired to find a cover close to
the optimal.

This formalization is also distinct from the
online problems addressed in (Alon et al., 2003;
Awerbuch et al., 1996) where the sets are known but

SA Preliminary version of the results have appeared earlier in the 4th Workshop on Algorithms and Computation 2010

\We have chosen N',M’ as notations to keep them distinct from graphs with n vertices and m edges
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the adversary chooses a subset of the ground set for
which a minimal cover must be computed. An
adversary chooses the elements one after the other
and the online algorithm must maintain a cover of
the elementsrevealed upto agiven stage. Thereisno
apparent relationship between the two versions. In
one case, the initial sets are not known but the
algorithm can choose the elements for hitting set
querieswhereasin the online case, the setsare known
but the adversary chooses the elements. Moreover,
the number of queries is also a measure of
performance in the version considered here.

Our research is motivated by the problem of
discovering the topol ogies of large networks such as
the Internet. For large networks such as the Internet
which changes frequently, it is very difficult and
costly to obtain thetopol ogy accurately. Nevertheless,
such information about the network is very useful -
for exampl e, the robustness properties of the network
or studying the routing aspects.

In order to create the topology of the network,
one of the techniques used isto obtain local views of
the network from various|locations and combine them
to determine the topology of the network. One can
view this technigque as an approach for discovering
thetopology of the network by some queries. Here, a
query corresponds to the local view of the network
from one specific location. In thereal world scenario,
the cost of answering aquery isusually very high, so
the objective of the network discovery problemisto
find the map of the network using aminimal number
of queries.

Notethat inthe network discovery problem, we
have to confirm the existence and non-existence of
an edge between any pair of vertices. So, any query
at avertex shouldimplicitly or explicitly confirmthe
absence or presence of edges between some pair of
vertices. The Layered Graph Query Model and
Distance Query Model are the most widely studied
query models.

Layered Graph Query Model : A query at a
vertex vyieldsthe set of all edgeson all shortest paths
from the vertex v to any other vertex reachable from
v in the graph. More specifically, we obtain

information about an edge (x,Y), iff d(v, x) and
d(v, y) are consecutive where d(v, x) isthe level of x
(fromv, seeFig. 1).

Distance Query Model : A query at a vertex v
yieldsthe distances of vto every vertex of the graph,
i.e. aquery at avertex v returns a vector v, where
the ith component indicate the distance to ith vertex
from vertex v. It is easy to see that it is a weaker
query model as compared to Layered Graph Query
Model. In the Distance Query Model, an edge may
be discovered by a combination of queries as
illustrated in Fig. 2. In the example shown in Fig. 2,
query at vertex 1 discovers the non-edges {(1,4),
(1,5), (1,6), (2,6), (3,6)} and edges{(1,2), (1,3)}.A
query at vertex 6 discovers the non-edges {(1,4),
(1,5), (1,6), (2,6), (3,6), (4,2), (5,2), (3,2)} and edges
{(3,1), (1,2), (6,4), (6,5)}. Combining these two
queries, we discover the edges (5,3) and (4,3). Inthe
off-line version of network discovery problem, the
network is initially known to the algorithm. Unlike
the online problem, here the goal is to compute a
minimum number of queriesthat suffice to discover
the network. Given anetwork, we can verify whether
what we have been given isthe correct information.
Thus, we refer to the off-line version of network
discovery problem as network verification.

Prior Work in Network Discovery

Bejerano and Rastogi (Bejerano and Rastogi, 2003)
studied the problem of verifying al edges of agraph
with asfew queries as possiblein amodel similar to
the Layered Graph Query Model. For agraph with n
vertices, they give a set-cover based O(log n)-
approximation algorithm and show that the problem
is NP-hard. In contrast to Bejerano and Rastogi, we
are interested in verifying (or discovering) both the
edges and the non-edges of a graph. It turns out that
the network verification problem was considered as
a problem of placing landmarks in graphs (Khullar
et al., 1996).

The problem was shown to be NP-complete and
an O(log n)-approxi mation algorithm was presented.
Beerliova et al. (Beerliova et al., 2005) proved an
Q(log n) lower bound on the approximation factor
for any polynomial time algorithm for the network
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Fig. 1: Aquery at avertex v, in thelayer graph model (a) yields certificate for the edgesin (b) and non-edgesin (c)}
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Fig. 2. The edges (5,3) and (4,3) of the graph (a) is discovered by
the combination of queriesat vertex 1in (b) and at vertex 6
in (c)inthedistancequery model - thedistancesaredepicted
via layers of the graph

verification in the Layered Graph Query Model
unlessP = NP.

Inthe onlineversion of the problem, the network
(graph) is unknown to the algorithm. To decide the
next query, the algorithm can only use the knowledge
about the network that it has gained from the answers

of previously asked queries. Thus, the difficulty in
selecting good queries arises from the fact that we
only havethe partial information about the network.

For the network discovery problem, Beerliova
etal. (Beerliovaet al., 2006) have shown an Q(+/n)
lower bound on the competitive ratio of any
deterministic onlinealgorithmand an Q(log n) lower
bound for any randomized algorithm for the Distance

Query Model. The best known algorithm in the
Distance Query Model is a randomized online

algorithm which is Q(/nlogn) -competitive

(Beerliovaet al., 2006). In contrast, for the Layered
Graph Query Model, Beerliova et al. (Beerliova et
al., 2006) have shown that no deterministic online
algorithm can be (3 — &) competitive for any € > 0.
The best known algorithm in this model before this

work is an O(y/nlogn) -competitive online

randomized algorithm (Beerliova et al., 2006) that
leaves an exponential gap between the best known
lower and upper boundsfor the Layered Graph Query
Model.

In this paper, we present a randomized Monte
Carlo online algorithmwith acompetitiveratio O(log?
n) for the Layered Graph Query Model, thereby,
nearly closing this exponentia gap.

Our Results and Techniques

The network verification problem can be solved by
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reducing it to an appropriateinstance of the set-cover
problem (or hitting set problem). One can obtain an
O(log n) approximation algorithm for the network
verification problem which is the best that we can
hope to do unless P = NP. In the online network
discovery problem, we do not know the graphapriori
and hencethe above reduction cannot be used directly.
In particular, the sets are not known explicitly, sowe
first develop an algorithm for solving the covert
version of the set-cover problem using queries.

We present an algorithm that computes a set-
cover of sizeat most O(log(m’+n”)-OPT) using at

most O(log?(m’ +n’)-OPT) queries with high
probability. Using this, we obtain an O(log? n)-
competitive Monte Carlo randomized algorithm for
the network discovery probleminthe Layered Graph
Query Model. Thisisasignificant improvement from

the previously best known O(y/nlogn) -competitive
agorithm (Beerliovaet al., 2005).

Our agorithm for the set-cover simulates the
greedy set-cover agorithm without any information
about the contents of any of the setsinitially. We use
estimation using random sampling to choose the
(near) largest cardinality set whichisthe basisof the
greedy algorithm. We have to compensate for the
inaccuracies in sampling by using a more careful
amortization argument for proving the approximation
factor. The greedy algorithm is modified to run in
O(log (n” +m’)) roundsinstead of the conventional
OPT - logn” stages.

Preliminaries

Let G=(V, E) beaconnected, undirected, unweighted
graph representing a network of n vertices. For two

distinct nodes u,veV , we say that (u, v) isan edge
if (u,v) e E andanon-edgeif (u,v) ¢ E . The set of
non-edges in G is denoted by E where
EUE=VXV .

We assume that the set V of nodesis knownin
advance and it is the presence or absence of edges
that need to be discovered or verified. A query at node
v isdenoted by query(v).

We say that aquery(w) certifies(u, v) if by using
the answers to the query(w), one can confirm the
presence or absence of the edge (u, v) in the graph,
i.e. query(w) implicitly or explicitly confirmswhether
(u,v) € E or (u,v) € E . We associate two sets with
each query(w) asfollows. For agivenvertex weV,
let Q,, denote the set of al (u,v) eV xV such that
query(w) certifies (u, v). For agiven (u,v)eV xV,
let H(u v denote the set of al vertices w such that (u,

V) is certified by query(w). The two definitions can
be considered duals of each other.

Qu ={(u,v) eV xV |query(w) certifies (u,v)}
vweV

H v ={weV |query(w) certifies (u,v)}
V(u,v) eV xV.

Theaboveformulation of the network discovery
problem can be reduced to the set-cover problemin

which given a collection of sets Q, of g E, the
goal isto find a(minimum size) subset \// =V such

that ), Q, =EUE. Therefore, querying the

vertices of the set-cover will certify all the edgesand
non-edges that can be used to discover the network.

In the related hitting-set problem, given a
collection of sets H(u, v of V, the goal isto find a

(minimum size) subset v/ =V suchthat for any given

set H(u W there exists a vertex v eV’ such that

V'€ H(,)- It may be noted that the (offline) hitting-

set problem is often solved by reducing it to the
corresponding set-cover problem.

In the offline verification problem, given any
query model, one can find the above sets exactly as
the graph is known. So the network verification
problem can be solved by reducing it to the
corresponding set-cover problem (or hitting set
problem). Hence, we get an O(log n) competitive
agorithm for the network verification problem. As
mentioned earlier thisisthe best that we can hopeto
do for this problem unless P = NP.
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Inthe online network discovery problem, since
wedo not know the grapha priori, we cannot compute
the above sets explicitly without querying all the
vertices?. To circumvent this problem, we develop
an algorithm for approximating the set-cover using
the related hitting-set queries. It can be easily seen
(c.f. Section 6), that H, |, can be obtained from Q,
and Q, in the context of the network discovery
problem.

Approximating Set-Cover from e-Net

Clarkson (K Clarkson, 1993) presented an elegant
algorithm for set cover for geometric problemswith
bounded V C dimension (see (Har-Paled, 2011) for a
survey of such results) based on weighted e-net. His
algorithm is based on random sampling (weighted)
and a procedure to verify if a family of subsetsis
indeed a set cover. Natice that in our context | C |
queries suffice to perform this verification where C
isthe claimed set cover. Intuitively, if an element is

covered by Q(e) fraction of the sets, then it will be

covered by thee-net. For the remaining e ements, the
algorithms successively boosts the probability of
being covered by aclever reweighting technique. The
origins of this method goes back to Clarkson
(Clarkson, 1988).

If aset hasweight w and the sum of weights of
all the sets is W, then the set is sampled with
probability % The agorithm repeatedly picks a
random sample where in each new iteration, the
weightsare modified until we obtain aset cover. The
algorithm assumes that the size of the optimal set
cover OPT is known and fixes € =1, where, k =

k

| OPT |. The dgorithm can be summarized asfollows

2While this may be necessary for some graphs like the complete
graphs, in genera thiswill lead to poor competitive ratio.

Algorithm 1 Set cover using weighted £-net

Initially assign every set a unit weight. Initialize
setcover C = o.

while Cis not a cover do
1. Pickaweighted e-net e of sizeO( /e - logm”).
2. If eisaset-cover then report E.

3. Else, it misses at least one element, say x. Let
S, be the family of all sets that contain the
element x and double the weights of all setsin

S.

Itisknown that with high probahility, the above
algorithm converges in O(k log (nVkK) iterations (K.
Clarkson, 1993). Since| OPT |isnhot knowninitially,
we can use the doubling technique to guess | OPT |
within afactor 2 by beginning withk,=1andk,,, =
2 k asthei-th guess. Each iteration of the algorithm
takes O(k; log m") queries, so the total number of

queries is O(k?log® n). Note that it takes O(k)

queriesto verify aset cover. Thisyieldsagrand total
log|OPT i

of 370" logm) = 00T £ log”m)

queries. This has competitive ratio roughly | OPT |

log? m, so that for |OPT |< O(+/m) , the competitive
ratio is about /v . For |OPT |2 +/m’ /log? m, the

competitive ratio is clearly O(/m’) as m’ queries
trivially suffices. Therefore, by using this algorithm

for network discovery in the layered graph model,
we can match thealgorithm of Beerliovaet al. (2005).

A near-Optimal Algorithm

In the conventional greedy set-cover algorithm, we
choose aset s, that covers the maximum number
of uncovered elements, say Mo and add it to the
cover. Thisleadsto alog n” approximation. Instead,
if we choose any set that covers at least half of the
N, Uncovered elements, then it gives a 2 log n”

approximation. Recall that n’, v denote the number

of elementsand the number of setsrespectively. More
generally, if we choose a set that cover at |east
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1 .
?nmax elements, then we obtain a ¢” log n”

approximation. We consider aversion of thisRelaxed
Greedy-Set-Cover (RGSC) where we repeat the
following in stages 1, 2, ... log n". At any stage we

1
identify all the sets that contain at least Enmax

uncovered elements. We can consider the sets of in
an arbitrary, but fixed ordering O and include those

1
sets that contribute at least Enmax uncovered

elements by del eting el ementsthat have been already
covered by sets chosen earlier. Note that the setsthat
will be included will depend on O - however, at the
end of this stage, there won’t be any set that contains
N,/ 2 Or more uncovered elements. Since any such
ordering O correspondsto avalid run of RGSC, this
will yield a2 log n” approximation guarantee - see
Appendix for aformal proof.

Our agorithm is based around simulating this
approach, where wetry to estimate the valueof n__
indirectly using random sampling. In round i,® we

4 ’

n

checkforn_ € [FP} , by choosingarandom

sample of uncovered elements of an appropriate size.
Using hitting set queries, we find the sets containing
these randomly chosen elements. We choose an
appropriate number of uncovered elements that will

’

hit the sets having elements with high

9i=2
probability. We consider the setsin afixed order and
if aset containsmorethan at | east athreshold number
of randomly picked elements, then we include the
set in the set-cover. Because of the estimation using
random sampling, we lose a factor ¢ > 2 in the
underlying RGSC aswe may choose some setswhich
contain fewer than n__ /2 uncovered elements (but

nmax
=),

at least

Sthe notation Ny Will refer to the maximum in the current round
i

Algorithm Pseudo Greedy described below,
selects al sets containing at least n_ /2 uncovered
elements and discards the sets containing less than

1
?nmax uncovered elementsfor 4 < ¢ < 8with high

probability.

We assume that the sets are numbered in some
canonical order. In the specific application of the
network discovery problem, thisordering isimplicit
({vys Vy, .. v}, thisinduces a canonical ordering on

thecollection Q,; of sets). In the general setting, we

assumethat such an ordering existsor it can beeasily
computed.

InAlgorithm 2, N denotesthe cardinality of the
ground set plus the number sets in the given family
(N =n" + n7). In the case of Network Discovery
problem, N=O(] V P). Inround i, we try to identify

the setscontaining at least P uncovered elements.

Algorithm 2 Pseudo Greedy

Initialize set cover c={}.
fori=0,1..do

1. Let n be the number of elements left in this

round and §= min {E N } . Choose arandom
sample R of size (4a.n,/s)log N.

Comment: o isaconstant whose value will be
determined in the analysis.

2. If s <alogNthen solvethe hitting set problem
directly using at most n, hitting set queries and
run the explicit greedy set-cover algorithm to
compute a cover ¢,

Output cl]¢,.

3. Else(if s > alog N), let S be the sets that
contain more than o log N sampled elements.
If S isempty, increment i and go to step 1.

4. Process S={X,, X,, ...} in some predefined
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order until al sets are exhausted.

(i) Let Ry =1 (X, R)

(the union of the elements of R that are
containedin thesetle, Xy een XJ. that arechosen
inC.)

P<), Xpec

(i) ¢ = clUXj, if
|X;,2 N(R\Ry)[=alogN

elsediscard X, ;.

Comment IncludeX;,, inthecover if it contains
an additional o log N sampled elements.

(iii) Update Fﬂ to F§+1 using set queries.

5. Updatethe elements covered by the sets chosen
in this round using set queries.

Analysis

We begin with abroad intuition behind the previous
algorithm. If the largest set has size n” /t then the
minimum number of sets in any set cover is Q(t).
Therefore, we can afford to query a sample of size

approximately O(t - polylogn’) elements without

blowing up the competitiveratio. In this context note
that a uniform random sample of size

O(t-polylogn’)  will have 6(t-polylogn’)
elements common with a set of size n"/t with high
probability. However, if there are Q(t) sets of size
O(n” /t), we cannot afford to sample repeatedly for
finding these sets.

Thereader could fed that aconstant factor sized

n.
sample ((O;D may sufficeat eachlevel butit does

not serve our purpose of bounding the failure
probability over al the (1) levels simultaneously.
Ontheother hand, by choosing samplesthat are about
O(log n) factor over the expectation, we are able to
get theinverse polynomial success probability bounds

(proportional to O(1 — 1/N°)). However, thisisnot a
proof and the issue of reducing the sample size is
till an open question. The above observations form
the crux of the analysis that are now formalized.

Lemmal—Inroundi,inSep 3, thefollowing holds
with high probability

(i) IfasetT containsat least s /2 elements then
with high probability it will have at least o log
N sampled elements.

(i) Anyset T chosenin Sep 3will contain at least

1
gs elements for 4 < ¢ < 8 with high
probability.

Proof : Let Theasetwherem>| T |> n/2. Suppose
we sample every element independently with
probability p. The expected number of sampled
dementsYissuchthat mp>Y >mp/2. From Chernoff
bounds,

2
Pri(l+&)mp>Y > (1-g)mp/ 2] =1- 2 M /4

Choosing € = 1/2, we get

Pr[3/2mp>Y > mp/ 4] >1- 2 ™/16

Inround i, each element is picked independently
with probability (4a/s) log N, therefore, the expected
number of hitsin a set of size mis (4ma/s) log N.
From Chernoff bounds, by substituting m= S

Pr[6o. log N >Y >a log N]>1—2¢ */410gN
=1-2/N*/*
Since the number of such T islessthan N, the
algorithm picks all sets containing at least s/2
uncovered elements with high probability. On the

other hand, T be any set chosen in Step 3 of the
algorithm. Then, by applying Chernoff bound, we get,

PrT <5 /c/]<e (€2 /BlgN _ 7/ (€208

forall4<c <8. ]
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n.
Lemma2— Ifround i takes O(;' f(N)) queries,

then the set-cover can be found using O(ng - f(N))
querieswhere n, isthe size of the set-cover returned
by the underlying RGSC Algorithm.

Proof : In round i, we include all those sets in the
cover that covers at least s /2 additional elements.
Inround i, let us distribute the cost uniformly to the
remaining elements, i.e., each of the n eementsis
charged O( f(N)/s,). If an element is covered by a set
chosen in round i then it is not charged in the
subsequent rounds. So the total cost over al the
rounds for element x is C(x) < f(N)

[1 1 1 1 j
——+—t—t—+ | <
s(x)| s 25 45 =

s(X) is the set that first covers element x and

, F(N)
3c 1500 | where

5/¢ <[s(X)|<s . The constant ¢” refers to the
constant in the previous lemma. Therefore

3C/
}X:C(x)s f(N)lels(X)l

, 1
TN Y D ]

Xec xs(x)=X

The summation represents the cost of the
underlying RGSC algorithm and therefore, it is
bounded by 3c” f(N) - n, (see Lemma 7.1 in the
Appendix).

Note that the underlying RGSC algorithm is a
¢’ log N approximation to the set-cover. [

Theorem 3 — Algorithm 2 returns a set-cover of
sizeat most O(log N - OPT) using at most O(log? N -
OPT) querieswith high probability.

Proof : In our agorithm, f(N) is O(log N) and the
maximum number of iterationsis O(log N). When s
< o log N, we solve the problem directly using at
most n, hitting set queries, and explicitly run the

greedy set-cover. Sincethelargest set hassize y /2,
the size of the optimal cover isat least Q(n’/log N)

and therefore, the number of queriesis O(log N -
OPT). In order to prove the theorem, we will show
that the bound on n, inLemmab.2isO(log N - OPT).
So, we must establish that the setsshortlisted in Step
3 of the Algorithm and finally included in the cover
in Step 4 are only those sets (on the basis of their
estimates) that covers at least s/c” uncovered
elements. In particular, we must guard against
oversampling of the uncovered elements of any set
at thetime it is considered for inclusion in a given
round. Even though the sets were appropriately
sampled in Step 3, at the time of its consideration in
Step 4(ii), the sampling of the remaining part must
beaccurate enough that may necessitate arguing about
an exponential number of possibilities depending on
the order of itsinclusion.

To avoid this, let us assume that we consider
the setsof S inincreasing order of their indices. Let
X, X, . be the sets of S in this canonical ordering
that contain at least s;/c” elements. Now consider a
hypothetical ordering 0 of the elements based on this
ordering of the sets. Namely, all elements of X are
numbered smaller than X;, ; and the numbering within
aset isarbitrary. For example, all the elementsin
X, \ X, are numbered before X; m X, and elements
of X; \ X, come last. Suppose the elements are

sampled according to 0. We define x; asal the

uncovered elements in X after X, X, ... X_; have
been considered and (hypothetically) sample the

elementsin X/ accordingto O.

Weconsider X/ tobeunder-sampledif | X' |>
s but the number of sampled elements intersecting
X{ (notincluding X;\ X/ ) islessthan a:log n. We

analogously define oversampling for X/.

We say that a bad event has occurred in round
j, if any of the sets X/ is under-sampled or
oversampled and let the complement of thisevent be
Z. From Lemma 5.1, we can bound the probability
of under sampling and over sampling such that Pr[Z]
> 1 - 3/N@4-1 (by choosing ¢’ > 4). Let A be the
event that no under-sampling or oversampling occurs
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for X{,X5...X{. Then,

PILA]=PITA_NZ]=PZ | Al PITA_]
Therefore,

Pr{A]=Pr{A_4]-(1-3/N©@/9)

2(1— 2/N°”4-1)i for i<N

By choosing sufficiently large o thisis at least
1-1/N2. Sincethisholdsfor all j < O(log N) rounds,
this also bounds the failure probability of our
agorithm. [

Remarks: (i) The bounds do not depend on O
and holds for any parallel sampling method.

(ii) We say that the algorithm failsif in any of
rounds, it does not pick al sets containing at |east
s, /2 uncovered elements or picks any set containing

s /c” uncovered elements. The sizes of sets
that will be chosen will satisfy the the above
mentioned bounds with high probability; otherwise,
the algorithm will be deemed to have failed. Note
that the bound of Lemma5.2 a so holdswith the same
probability. Since we do not verify these properties,
we obtain a Monte Carlo agorithm.

(iii) A deterministic algorithm picks all the sets
of size at least s /2, and while our randomized
algorithm choosesall setsof sizeat least s /2, it may
pick some sets which are little smaller (but greater
than s /c”).

Network Discovery

Given an n-vertex graph, initially we begin with all

n
the (Ej unresolved vertex pairs for which the

algorithm must eventually determine if they define
an edge or they don’t have an edge. Recall the
definition of H , , and Q, from section 2. In this
setting, the hitting-set problem is defined on the sets
H, vy adthe set-cover problemonthesetsQ,. During
any stage, random sampling is done on the set of
unresolved pairs (u, v) to obtain estimates of Q, by

querying QXy where (X, y) isasampled pair.

Recall that in Layered Graph Query Model, a
query at a vertex v yields the set of all edges on
shortest paths between v and any other vertex. We
observe that this query model is equivalent to the
model in which a query at vertex v yields all edges
and non-edges between vertices of different distances
from v. Note that an edge connects two vertices of
different distance from v if and only if it lieson a
shortest path between v and one of these two vertices.
The shortest path rooted at v implicitly confirmsthe
absence of al edges between vertices of different
distancefromv. Given an unresolved pair (v, u) whose
statusis not yet known, we query both the end points
v and u to determine the distances of all nodesto u
and v. From thiswe can deducethe set H(u’ v of nodes
from which the status of (u, v) can be determined :
H(u’ 'S {xe V|d(u, x) = d(v, X)\d(s, X) = distance
fromstox}.

Algorithm Pseudo Greedy described in the
previous section translates to the following in the
context of the network discovery problem. Randomly
pick a sample of unresolved pairs and for each such
unresolved pair (u, v) we determine the set H(u’ v by
querying u and v. Let Q denote the query set which
will be used to discover the network and initialize Q
to the empty set. If viscontainedin at least o log n
of the queried sets, include v in the set-cover Q.
Actually, like the general set-cover problem, itisa
two stage process where we first shortlist and then
subsequently run through thislist in some predefined
ordering, say according to the labels of the vertices.
Asbefore, we solvethe set-cover problemon Q, using
a sequence of H(u, v hitting set queries. The reader
can easily work out the details that we omit to avoid
repetition.

In the following algorithm N = O(n?). The
a gorithm takes O(log n) stages and in each stage we
make O(log n - OPT) queries, where OPT is the
optimum number of queries required to solve the
network verification problem. Since this is also
optimum for the online problem, Algorithm Networ k
Discovery makes O(log? n - OPT) queries. The
agorithmyieldsaset O(log n - OPT) Q, queriesthat
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sufficesto discover the given network. Thereforethe
overall number of queriesfor the onlinediscovery is
still O(log? n - OPT).

Fromour earlier analysisof the covert set-cover
problem it follows that

Theorem 1 — There is a O(log? n)-competitive
randomized Monte Carlo algorithmfor the network
discovery problem in the Layered Graph Query
Model.

Remark : Evenif werestrict the query model to
return a Layered graph of some bounded depth (that
may not correspond to theentiregraph), the reduction
to covert set cover problemisana ogousby modifying
the definition of the sets and we obtain the same
competitiveratio.

Algorithm 3 Network Discovery
fori=0,1..

1. Let n be the number of unresolved pairs
which needs to be discovered and let s =

. |N
mm{;, n } . Choose a random sample of

unresolved (u, v) pairs, R of size (4an/s)
log N.

2. Ifs<ologNthenfind He for each of the
unresolved pair and solve the network
discovery problem by reducing it explicitly
to the set-cover problem.

3. Ifs>alogN,findthesetH for each
sampled pair (u, v).

4. Considerthevertices{v,,V,, ...} inthisorder
wherev, e Hev for at least olog N of the
(u, V) € R. Include v, in Q only if Q;
contains more than « log N additional
sampled undiscovered pairs at the time of
its consideration. (The actual
implementation of this is similar to Steps
3-4 of the Algorithm Pseudo Greedy).

Conclusion and Open Problem

The algorithm described in the last section gave a
O(log? n) algorithm for the network discovery
problem — Can we improve this to O(log n), for
example by using smaller samplesizesin each round
? We can consider aweighted version of the network
discovery problem, where each query at avertex costs
say W, it is not clear whether we can extend our
approach to solve the weighted version of the
problem.

We note that in the Distance Query Model, by
querying both v and u, we can discover if uor visa
edge or non-edge. If it is a non-edge, then we can
find the set H(u’ y —avertexw isinthisset if d(u, w)-
d(v, w) > 2. But if (u, v) is an edge, then we can not
findthesetH, . Itisnot clear how to determinethe
partial witnesses, using set-cover queries as before.
Therefore, it remains open if we can weimprove the
known O(,/nlogn) bound for network discovery
prablem to O(poly(log n)) approximation randomized
agorithm in the Distance Query Model ?
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Appendix A
Chernoff Bounds

If arandom variable X isthe sum of niid Bernoulli
trialswith asuccess probability of pin eachtrial, the
following equati ons give us concentrati on bounds of
deviation of X from the expected value of np. These
areuseful for small deviationsfrom alarge expected
value.

Prob(X < (1-¢)pn) < exp(—¢ %np/ 2) @)

Prob(X = (1+¢)np) < exp(—¢ 2np/ 4) )

foradl0O<e<1.
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For completeness, we also sketch the proof of
approximation factor of RGSC (0) for 6 < 1, such
that at any step, the size of the set chosenisat least 6

N

Let us number the elements of Sin the order
they were covered by the greedy algorithm (wlog,
we can renumber such that they are x,, x, ...). We
will apportion the cost of coveringanelementee S

1
asw(e) = UwW where eis covered for thefirst time

by U and V is set of elements covered till then. This
isalso called the cost-effectiveness of set U. Thetotal
cost of the cover is

2 2 o)l In(U)I

U een(U)

where n(U) is subset of uncovered elements in U
when U was chosen and e is covered for the first

time. This can be rewritten as Zi w(X) .
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