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Let | and J be m-primary ideals of an analytically unramified local ring (R, m). We prove that the difference of normal

Hilbert function ﬁ(r ,S)=A(R/1 rJ S) and the corresponding normal Hilbert polynomial E(r ,S) equals the Euler

characteristic of thelocal cohomology modules of bigraded Reesalgebra @( I, J) foralintegersr, s. Wealso prove that

[T+t _ g 1 gt ) r+Lgs foral I >1y,S> Sif P(r,s) = H(r,s) foral r > ry,S> s, inanandytically

unramified Cohen-Macaulay local ring of dimension 2 with infinite residue field for a good joint reduction (a, b) of

)
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I ntroduction

Let R be acommutative ring and | be an ideal of R.
Anedement x ¢ R iscaledintegral over | if x satisfies
the equation

n n-1 _
X +gX ~+---+8,=0

forsome g e1',i=1,2,...,n. Theset | of elements
that areintegral over | isanideal, called theintegral
closure of 1. If | =] then | is called complete or

integrally closed. A Noetherian local ring (R, m) is
said to be analytically unramified if its m-adic
completion is reduced. For an m-primary ideal 1, in
an analytically unramified local ring R of dimension

d, there existsapolynomial P, (x) e ©[x] of degree

d called as the normal Hilbert polynomial of I, such
that

A(R/1") =P (n) forn>>0,

where A(M) denotes the length of an R-module M,
[Rees, 1961, Theorem 1.4] and [Rees, 1961, Theorem
1.1]. We write

n+d—lj

— - n+d) -
P.(n+1)=eo(l)( . ]—el(l)[ 41

+ot (=D %ea (1)
for someintegerséi (fori=0, ...,d. Thecoefficient
eo(1)=¢(l1) is called the multiplicity of I. Let N

denote the set of nonnegative integers. D. Rees

studied the numerical function
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Hij:N?2—  defined as Hj(r,s) =

AMRITTI®) -
He proved [Rees, 1981] that there exists a
polynomia Py j(x,y)eO[x,y] of total degree d

such that Py 5(r,s)=H,.3(r,s) forr,s>>0inan
analytically unramified local ring. We write

PiLaxy)= Y (9% Ve j(1,3)

i+j=<d
(x+i —1J(y+ j —1)
[ ]

for some integers e j(1,J) -

In Section 2, we prove the difference formula

for the filtration {l sz} for all integersr, s. A. V.

Jayanthan and J. Verma proved the formula for the
filtration {lrJS} for all integers r, s > 0. See
(Jayanthan and Verma, 2002). We prove theformula

for all integersr, s. The proof also worksfor {I sz} .

In Section 3, we prove another difference
formula in terms of the homology of a modified
Koszul complex of ajoint reduction of two ideals. In
[Marley, 1989], T. Marley studied the modified
Koszul complex for 7 -filtration. If depth

G(F), =® 11, /1,1 2d -1, Marley obtained a
ni ce relationship between the postulation number of

F and reduction number of F in a Cohen-Macaulay
local ring of dimension d. We generalize thisfor the

s2-graded filtration {l sz} in 2-dimensional Cohen-
Macaulay analytically unramified local ring. We

prove that if Py j(r,s)=H,(r,s) for all

r=ry,s=g then [T+138t1 _ g1 " 35 L pI F+Llgs for
al r>ry,s> s, andfor any good joint reduction (a,

b) of {l sz} . See section 3.

TheDifference Formula

The difference formula expresses the difference of
Hilbert polynomial and Hilbert function in terms of
Euler characteristic of thelocal conomology of Rees
algebra. A. V. Jayanthan and J. K. Verma (Jayanthan
and Verma, 2002) proved theformulafor thefiltration

{I J S} for al integersr, s> 0. We provetheformula

for al integersr, sfor thefiltration {l sz} . The proof
alsoworksfor {l sz} . Let usset up the notation for
various Rees algebras:

The Rees ring of the filtration {I sz} =

%(I ,J) = @I',SZOI r\]stlrtzs,

The Rees ring of the filtration {l sz} =

R(1,I) =, ool "I%"t,°,

The extended Rees ring of the filtration

{Ir3}:= 0,9y =0, o1 3% 10,

The extended Rees ring of the filtration

{I rJS} = W(I J)= C'Dr,seZIrJStlrtZS'

where Z denotesthe set of integers. L et the extended
associated graded ring with respect to | of the
filtration

L IFJS
{1797} be (1,31 =@ oz an
{Isz} RA,I|N) =@ L

be ( ’ | )_ r,selelJS'

Similarly let the extended associated graded ring
with respect to J of thefiltration

["Js

{179%) be (1,319 =8, p i and
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rqs QR Ir‘JS
173°% be R(1,319) =@ oo ——.

[ rJ s+1
For a bigraded B, ,-algebra B=®B >,

let B, denotethe ideal generated by ®; 1By 5.

Theorem 1: [ The Difference Formula] Let (R,
m) be an analytically unramified local ring of
dimensiond and I, J be mprimary idealsin R. Put

R=R(1,J), R'=R"(1,I) and R'=R’(1,J) .
Then for all integersr, s,

1L Ar((H's,, (R)]r.g) <o forali>0.

d
2. Pia(r,9—Hia(r,s) =Y (-1)'Ag

i=0
(H's,, i s)

Proof : (1) Since §(| ,J) isafinitely generated

R(l,J)-module, by Theorem [Jayanthan and Verma,
2002, Theorem 2.3], for all i > 0,

[Hs,, (R(1,9)]s is afinitely generated R-

modulefor al integersr, sand vanishesfor larger, s.
By (Jaynathan and Verma, 2002, Proposition 4.5),
foralr,s>0andi >0, we have

[H iSR++ (@)](r,s) =[H iEK++ (§(| NJ))](r,s) .

In order to prove that Ag([H'g,,
(@)](r,s)) < oo forall integersr, sweusedecreasing
induction on r, s. By change of ring principle,
H's,, (R) = H'g, (R). Thusit sufficesto prove
that Ag([H's,, R)rg) <. As [H'g, |
(@)](r,s) =0for larger, s, theresult istruefor large
r,s.Let y =ti‘1 fori =1, 2. Let M(p, g) denotethe

module M with M (p, q)(m’ = M(wpy )" Consider
the exact sequence of bigraded <z’ -modules

0> R'(1L0)—L >R > R'(1,I|1)— 0 and
0> R'(0,) —2 R > R(1,I|I)—> 0.

Let R(L,I[1)=D, ooR'(1,I[1);s and

RALIN) =@, oR(1, 1) - By thechange of

ring princple,

Hig,, V(L310) =H'gq o, (RO,
forali>0.

Fromthe above short exact sequence we obtain
the long exact sequence of R-modules

S[H',, FNswy = Ha,, R)eg

%[Him#(W(I,J|I))](rys)%.__ (22)

and

S[H',, s = Ha,, R)eg

S[HG,, (R0, g = (233)

Ryt
Consider the exact sequence

@(I,Jll)%o

0= R IM=RAIND = F o

R(,IN)

Since W is R(I,JI|1),, -torsion,

R’ X R(1,I
HOEK(I,J|I)++(<~K (1, I /RU ’J“)):ﬁ
and

Hsir gy, VLITNDIRA,I[1)) =0 forali>0.

Therefore  Hlg gy, R(LIN) =

Hlsqamy,, (U(,3[1) foral i > 1 and the
sequence
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0= H %1 o)y (RO I = Ho% g,

R(1,I1)
R(1L,I|)

CHIIDES
- "'193(|,J||)+Jr R(1,311)— HliK(I,J|I)++
(R'(1,3[1)—0

isexact. Thusfor al r <0and any integer sor for all
r,s>0

[Hism Iss ®a,I N s E[Hi‘.K(I,J|I)++
R'(1,3]1))] ¢ forali>0.

By Theorem [Jayanthan and Verma, 2002,
Theorem 2.3], [H's g, R(LI|1)]g isa
finite R(I, I [1)(0,0)-modulefor all integersr, sand

i >0.Since R(I,I[1) (0 isartinian,

)\‘R[HiER(I,JH)H_ (§(|’J||))](r,s) <o for all
integersr, s.

Therefore

A[H's,, R7(1,31))] ¢ <o forr <0and
any integer sorr, s> 0. (2.9

Similar argument shows that

AlH'g,, R7(1,313))] ¢ <= for any
integer rands<0ors>0. (2.5

Using exact sequences 2.2 and 2.3 and induction
hypothesisresult followsfor all integersr, s.

(2) For abigraded module M over the bigraded
ring % let Hy, :z> -  bethenumerical function
defined by H,,(r, s):= lR(M(r’ S)) and P, (x, y) €
O[x,y] bethe polynomial associated with H,,. We
set

XM(r,s)=Z(—l)i}»R([HimH(M)](r,S)) and
>0

Om (r,8)=PRy (r,s)—Hy (r,s).

Let a(f,S)=l3|,J (r,s)—ﬁu(r,s) .Forr<0O
and any integer sor r, s> 0 we have

XW(r+:LS)_X@(raS)Z_XW(LJ“)(raS) by (2.2
= ~Xaq .9 (S

= G5q.a1)(r»S) by [Jayanthan and Verma,
2002, Theorem 2.4]

= g(r+1)-g(r.9)-

Thusfor r <0and any integer sorr,s>0

15 (19— 00,9 = x5 (r+19-9(r +1) (2.6)

Similarly for any integer r ands<0orr,s>0

% (19— 9(r,9) = x5 (r,s+1) - g(r,s+1)

But X@(F,S)=§(r,s):0for large r, s.
Therefore

%5 (r,9) =09(r,9)=Pi,a(r,s)—Hi,a(r,s) for
al integersr, s.

Themodified K oszul Complex

In this section we study amodified Koszul complex.
Before defining the complex we prove properties of
numerical functions.

Given a numerical function f:72 —» we

define Aq (f):Z° >  as
Ag (F)(n)=f(n+e&)-f(n)

wheren = (n;,n,)ez?, e =(1,0)and e, = (0, 1).
We say f is of polynomial type of degree d if there
existsapolynomia P(x,y)e ([x, y] of total degree
d suchthat P(r, s) =f(r, s) for, r, s>> 0. We write
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o i—1)(y+j-1
P(x,y) = Z:(—1)d_('+])<31(i,j)(X-‘-iI )(y-” ]

i+j<d J

Proposition 2: Let f:7> —» beanumerical

function of polynomial type of degree 2. Let P(X, y)
be a polynomial associated with f of degree 2. Then

forall r,seZ,
Aeerl(P(r,s) - f(r,9)=auy
—f(r+Ls+)—-f(r+1s)— f(r,s+1+ f(r,9)].
Proof : We have
Ael P(r,s) = 32,0) (r+)+ a(11)S— &1,0)
Therefore
Aeerl(P(r1S)) = a(1,1)
Also,
Aez(Ael)f(r,s)erz(f(r +1,5)- f(r,s))
= f(r+Ls+)—-f(r+1s)— f(r,s+1)+ f(r,s)
Thereforefor al r,seZ,
Ag,Ag (P(r,s) = f(r,s)) =2y
—f(r+Ls+)—-f(r+1s)— f(r,s+1+ f(r,s)].

Let (R, m) be a Noetherian local ring of
dimension 2 and | and J be m-primary ideals in R.
Reesintroduced joint reductionsin [Rees, 1984] for

the filtration {l rJS}.A sequence (a, b) is a joint

reduction of the filtration {l sz} ifaclandbe J
andforr,s>>0

I"J3S=al"tJ5+pI"3s?-

Thus 1J ¢ +/(a,b) . Rees [Rees, 1984] proved
the existence of joint reductions for the filtration

{I sz} if residue field is infinite. The same proof

shows the existence of joint reductions for the
filtration {@} if Risan analytically unramified
local ring with infinite residue field.

Let (a, b) be ajoint reduction of the filtration
{l sz} . Consider the Koszul complex K.(a, b; R):

2
0—— R R(J Yo ,R——0.

Thisinduces the complex :

C.((ab).r,s):0 R o, R
Isz |r+1Js
Isz+1 |r+1Js+1

where o, and o, are defined as
01(X) = (8%,b%),0(u,v) =bu—av.

Let H,((a, b), r, s) denote the ith homology of
the complex C.((a, b), r, s). In next Proposition we
derive arelation between homology of this complex

and the difference P j(r,s)-H.3(r,s)-
Proposition 3: Let (R, m) be an analytically

unramified local ring of dimension 2 with infinitefield

and I, J be mprimary ideals. Let (a, b) be a joint

reduction of {l sz} . Then for all integersr, s

AeyAg (P1a(r,s)—Hi,3(r,9) =eqn(l,J)

2 .
=, -D'A(H; (a,b).r,9)).

i=0
Proof : By Propositon 2,
AeyAg (P1a(r,s)—Hia(r,9) =eqn(l,Jd)

—[ﬁl,\] (r +1,S+l)—ﬁ|’\] (r+15s)
—ﬁI,J (I’,S+1)+ﬁ|,3 (r,9)].
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But

ﬁI,J(r +LS+1)—ﬁ|,J(r +J,s)—ﬁ|,J (r,s+1)

2
+H13(r,9)= Y (-)'AC((ab).r,s)
i=0

2 )
=Y (-)'A(H;((ab).r,9))
i=0

Hence theresult follows.

We say (a, b) is a good joint reduction of
{IFJS} if (a, b) isajoint reduction of {lrJS}and

(@N1"3%5=al"1ys foral sez andr >0
and

(b)yN1"Js=p1"ystforal rez ands >0.

Rees (Rees, 1981) proved that good joint
reductionsexist in an analytically unramified Cohen-
Macaulay local ring of dimension 2 with infinite
residuefield.

From now onwards we assume that R is an
analytically unramified Cohen-Macaulay local ring
of dimension 2 with infinite residue field unless
otherwise stated. Let (a, b) beagood joint reduction

of {173°}.

Proposition 4: Let (R, m) be an analytically
unramified Cohen-Macaulay local ring of dimension
2 with infinite residue field and I, J be m-primary

ideals. Let (a, b) beagoodjoint reduction of {I sz} .

Thenfor all integersr, s

R
((a, b), I I’+lJ S+l)

1 Ho((@b),r,s)=

| r+1J s+l N (a, b)

2. Hl((a,b),r,s)z al sz+l+b| r+1Js

3. H,((a,b),r,s)=0.

Proof : (1) Note that H,((a,b),r,s) is the
homol ogy of

R o R o R
|r+1Js

Isz+l |r+1Js+l

where ¢, (u,v) = bu—av . Therefore

(a,b) +1 r+1J s+l
|r+1Js+1

im(@o) =

and hence

R

Hy((a,b),r,s) =
O((a ) r S) ((a,b),l I’+1JS+1)

(2) Consider the commutative diagram :

0—imo, — R ® R 3 (a.b) -0
|r+1Js Isz+1 aIsz+l+b|r+le
\’ v v 4
0 kerdy R o R w0, R _
|r+1Js Isz+1 |r+1Js+l

wherey =id, § (u,v) =bu—av andy isthenatural
map. To prove exactness of top row it is enough to

R R
|r+le

prove exactness at Suppose

Isz+l'

8(u,v)=0. Then py_ayeal 35 +bI"*13s . Let

bu - av = ap + bq for some pElsz+1,qE|r+le-

Therefore b(u - q) = a(p + v). Since 1J ¢ +/(a,b),

(a, b) ism-primary. Hence a, b isaregular sequence
inR. Thusu-qg=atfor somete R Hencep+v=»ht.

Then ¢,(t) = (at,bt) = (u,v) . This proves exactness
of top row. The bottom row is clearly exact.

Using the snake lemma and the fact that v is
an isomorphism we obtain,

kery = ii<erj;o = H,y((a,b,r,9))
1
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Therefore,

| r+1J s+l N (a, b)

aIsz+l+b|r+1Js

H,((a,b),r,s) =

(3) If r, s< 0, then result is trivialy true as
R

IrJS_

0. Supposer >0and se 7. Let xe kerg, .

Then axel™J%N(a)=al’J®. Since a is a

nonzerodivisor, y<|"3s. Thus x=o and hence
H,((a,b),r,s)=0. Similar argument implies that
H,((a,b),r,s)=0if rez ands> 0.

Theorem 5: Let (R, m) be an analytically

unramified Cohen-Macaulay local ring of dimension
2 with infinite residue field. Let 1, J be m-primary

ideals. Let (a, b) beagoodjoint reduction of {I sz} .

Thenfor all r,seZ,

Aequ(El a(r,9)=Hi.(r,9))

i |r+1Js+1
B aIsz+1+b|r+1Js

Proof : By Proposition 3,

AeZAel(ELJ (r,s) —H, a(r,9) =é(L1)(| ,J)

2 .
- (-D'A(H; (a,b).r,s))

i=0
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