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Hall current effect on visco-elastic MHD oscillatory convective flow through a porous mediumin avertical channel with
heat radiationisinvestigated. An oscillatory MHD convection flow of visco-elastic, incompressible, electrically conducting
fluid in avertical channel filled with porous medium in the presence of Hall currentsis studied anaytically. A magnetic
field of uniform strength is applied in the direction normal to the planes of the plates. The temperature of one of the plates
varies periodically and the temperature difference of the platesis high enough to induce heat transfer due to radiation. A
closed form solution of the problem is obtained. The effects of various parameters on the velocity profiles, the skin-
friction in terms of the amplitude and the phase angle are shown graphically and discussed in detail.
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I ntroduction

The flow problems of electrically conducting fluids
are currently receiving considerable attention. The
magnetohydrodynamic (MHD) flows has many
practical applications such as electromagnetic flow
meters, electromagnetic pumps and hydromagnetic
generatorsetc. Theinterestin magnetohydrodynamic
(MHD) convective flows with heat transfer is
renewed dueto itsimportancein the design of MHD
generatorsand accel eratorsin geophysics, in systems
like underground water and energy storage. Several
scholars have shown their interest in studying MHD
and heat transfer flows in porous and non-porous
media. The effect of transversely applied magnetic
field on convection flows of an electrically
conducting fluid has been discussed by several
authors notably (Nigam and Singh, 1960;
Soundalgekar and Bhat, 1971; Vajravelu, 1988; Attia

and Kotb, 1996; etc). Thefluid flow through porous
medium is another important aspect which has
attracted the attention of scientists and engineers
because of its usefulnessin the fields of agricultural
engineering to study the underground water resources,
seepage of water in river beds, in chemical
engineering for filtration and purification processes.
Raptis et al., 1982 studied hydromagnetic free
convection flow through porous medium between two
paralel plates. Raptis and Perdikis 1985 analyzed
oscillatory flow through porous medium by the
presence of free convection flow. Hossanien and
Mansour 1990 investigated unsteady magnetic flow
through a porous medium between two infinite
paralel plates.

When the strength of the magneticfieldisstrong
enough then one cannot neglect the effects of Hall
currents. Eventhoughit isof considerableimportance
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to study how the results of the hydrodynamical
problemsget modified by the effectsof Hall currents.
A comprehensive discussion of Hall currentsisgiven
by Cowling 1957. Soundalgekar 1979 studied the
Hall and lon-dip effectsin MHD Couette flow with
heat transfer. Soundalgekar and Uplekar 1986 also
anayzed Hall effectsin MHD Couette flow with heat
transfer. Hossain and Rashid 1987 investigated Hall
effect on hydromagnetic free convection flow along
a porous flat plate with mass transfer. Attia 1998
studied Hall current effects on the velocity and
temperature fields on an unsteady Hartmann flow.
Effects of Hall currents on free convective flow past
an accelerated vertical porous plate in a rotating
system with heat source/sink is analyzed by Singh
and Garg 2010. Takinginto account the heat radiation
and the Hall currents. Singh et al., 2012 studied heat
and mass transfer in an unsteady MHD free
convective flow through a porous medium bounded
by vertical porous channel.

Theflows of viscoel astic fluids through porous
medium are very important particularly in the fields
of petroleum technology for the flow of oil through
porousrocks, in chemical engineering and inthe cases
like drug permeation through human skin. Aldoss et
al. 1995 studied MHD mixed convection flow from
a vertical plate embedded in porous medium.
Rajgopal et al., 2006 analyzed oscillatory flow of an
electrically conducting viscoelastic fluid over a
stretching sheet in a saturate porous medium. Attia
and Ewis, 2010 investigated an unsteady MHD
Couetteflow with heat transfer of aviscoelastic fluid
under exponentia decaying pressure gradient. Singh,
2012 analyzed an oscillatory mixed convection flow
of aviscoelastic eectricaly conducting fluid in an
infinite vertical channel filled with porous medium.
Khem Chand et al., 2013 studied oscillatory free
convective flow of a viscoelastic fluid through a
porous medium in a rotating vertical channel.
Considering the Hall effects, Attia, 2004 discussed
unsteady Hartmann flow of a viscoelastic fluid.
Choudhary and Jha, 2008 analyzed heat and mass
transfer in elastico-viscousfluid past an impulsively
started infinite vertical plate with Hall current.
Choudhury et al., 2013 studied visco-€l astic flow with

heat and mass transfer past avertical porousplatein
the presence of Hall current and radiation. Das, 2013
hasal so investigated visco-el astic effects on unsteady
heat and mass transfer of a visco-elastic fluid in a
porous channel with radiative heat transfer.

The object of the present paper is to analyze
Hall current effect on the unsteady hydromagnetic
convective flow of a viscoelastic fluid filled in a
vertical channel. The transverse magnetic field is
applied isstrong enough so that the Hall currentsare
induced. The temperature difference between the
plates of the channel is sufficiently high to radiate
the heat.

Basic Equations

The equations governing the unsteady convective
flow of an incompressible, visco-elastic and
electrically conducting fluid in a vertical channel
filled with porous mediumin the presence of magnetic
field are:

Equation of Continuity
VV=0 1)

Momentum Equation

p|:g:{ N-V)V}=—Vp+J><B

i R 2
+uV2V—£*V+gB(I' ~-T)+V-3 @)
Energy Equation
T — . oo
C,| —+V-V)T |=kVT -V
p p{at V-V) } q €)
Kirchhoff’s First Law
divd =0 4

General Ohm’s Law
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J+£(JXB)=0‘|:E+VXB+—ij|
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Gauss’s Law of Magnetism
divB=0 (6)

where v isthevelocity vector, g isthe magnetic

induction vector, j is thecurrent density and g

istheelectricfield. 3 isthe Cauchy stresstensor
and the constitutive equation derived by Coleman
and Noll, 1960 for an incompressible
homogeneous fluid of second order is

3=—p1|+M1A1+H2A2+M3'°12- (7)

Here —pl is the interdeterminate part of the
stress due to constraint of incompressibility, w,, u,
and p, arethematerial constants describing viscosity,
elasticity and cross-viscosity respectively. The
kinematics A; and A, are the Rivelen Ericson
constants defined as

A =(VV)+(WV)T,

%=%%+vaa+awvx

where v denotes the gradient operator and d/dt the
material time derivative. According to Markovitz and
Coleman, 1964, the material constants p,, u, are
taken as positive and u, as negative.

Formulation of the Problem

Consider an unsteady MHD free convective flow of
an electrically conducting, viscoelastic,
incompressible fluid through a porous medium
bounded between two insulated infinite vertical plates
inthe presence of Hall current and thermal radiation.
The plates are at a distance ‘d’ apart. We introduce a
Cartesian coordinate system with x*-axis oriented
vertically upward along the centreline of the channel.
The z*-axis taken perpendicular to the planes of the
plates is the axis along which a strong transverse
magnetic field of uniform strength B, isapplied. The
schematic diagram of the physical problemisshown
inFig. 1. Sincethe plates of the channel are of infinite
extent, all thephysical quantitiesexcept the pressure,
depend only on z* and t* only. Let (u*, v, w*) be
the components of velocity in the directions (x*, y*,

Z*) respectively. Since the plates are non-porous,
therefore equation of continuity (1) on integration
givesw* = (. Also the equation (6) for the magnetic

field gives B = (B},B},B;) B, = B, (constant).

(ix:iy.J;) are the components of electric
current density j Equation (4) the conservation of
electric charge gives |, (constant).

For non-conducting plates
j. =0 ®
at the plates and hence zero everywherein thefluid.

Under the usual assumptions that the electron
pressure (for aweakly ionized gas), thethermoel ectric
pressure, ion dip and the external electricfield arising
due to polarization of chargesis negligible.

It is assumed that no applied and polarization
voltage exists. This corresponds to the case where
no energy is being added or extracted from the fluid
by electrical means(Meyer, 1958)i.e. electrical field
E = 0. Therefore, equation (5) takes the form:

J+og (i xB) =0V xB). ©

After using equation (8), equation (9) in
component form becomes

Jx tOdejy =0 BV (10)
j;—merej:(:(j Byu (1)
Solving (10) and (11) for i; and iy, we get

__0B
 (1+H?)

iy (HT +v)

and

0B o«
jy—(1+H2)(HV +U)

where H =g, isthe Hall parameter.



336

KD Snghet al.

Under the usual Boussinesq approximation
momentum equation (2) in Cartesian components
reducesto

*

o 19p oW

s Tt TtV o
N pox  Toz? ‘oz
6BZ(HV -u") du . (12)
LBV W) O g -y,
p(A+H?) K
N lop oA o*u’
—=- tV——F+tVo
ot P dy 0z 0z “ot
_oBf(HU -V)) v (13)
p(1+H?) K"’
and energy equation (3) becomes
aT" 9°T" 0

Por 972 o7

The boundary conditions for the flow problem

are
* * * . d
U=v=0T=Ta z=--, (15)
u* =V* _ O,
T =T,+(T,-Ty)cosw t at z*=_%, (16)
X*
A
B{l
> /*
0
*
YA/
Porous Medium

Fig. 1: Diagram of the problem

Following Cogley et al., 1968, it is assumed
that the fluid is optically thin with a relatively low
density and the last term in the energy equation (14)

aq 2,
+ = 4o =T
97 (T -To) a7)

stands for radiative heat flux, where
< 08,
2 _ A .
o —J;km—a_l_ da

k;., isthe absorption coefficient at thewallsand &,
is the Plank’s function.

Introducing the following non-dimensional
quantities

JL K Y Y

n d! d 1yd1 U il U,
T*_T * * *
T: O,tzgl (D:H’pz p
Tw—To d U pU?

into equations (11) to (13) and using equations (16),
we get

2 2
Re%=_Re%+a_u+ya_u
ot ox on?  anot
2(Hv— 18
+—M (HV2 W —iu+GrT (18)
I+H9) K
2 3
Reﬁ——Re@+ﬂ IV
ot dy on?  onot
(MP(HVv-u) 1 (19)
1+H? K
a_T_ﬂ_NZT
o on? ’ (20)

ud
where RGE (Reynolds number),

*

K= 5—2 (The permeability of the porous medium),
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H = o, (Hall parameter), complex form can be written as:
5 F=0,T=0 & n=-—x (25)
M = Byd oy, (Hartmann number), ’ 2’
1
_vRe . i F=0 T=coswt a _ 1 26
= (Visco-elastic parameter), =0, T= n=-s (26)

_ghdi(T,-To

)
G
r oU (Grashof number),

pC,dU

Pe=
k

(Peclet number),

20.d -
N = N3 (Radiation parameter).

The corresponding transformed boundary
conditions are:

u=v=O,T=0atn=—%, (21)

u=v=0T =coswt a n:%. (22

Following Singh and Pathak, 2013, for the
oscillatory internal flow considered we shall assume
that the fluid flowsonly under the influence of anon-
dimensional pressure gradient oscillating only inthe
direction of x-axiswhich is of the form

ap

—-—=Acosot and —%
ox

5y~ ° (23)

whereA is aconstant.

Solution of the Problem

In order to combine equations (18) and (19) into
single equation, we introduce a complex function
F =u+ivandusing (23), we get

Y = o°F +82—F—Rea—F
on2at  on? ot
_(M2(1+tH)

1+ H?2

+ K‘lj F= Re%—GrT. (24)

The boundary conditions (21) and (22) in

In order to solve equations (20) and (24) under
the boundary conditions (25) and (26), we assumein
complex form the solution of the problem as:

F(1.1) = Fom)e®@t, T(n,t) =0, )",

and

_0P _ pdoot
ax_Aém ' (27)

Thereal part of the solution will have physical
significance.

Theboundary conditions (25) and (26) become:

F=0,0,=0 & 1=~

> (28)

1
F=00p=1 a n=-5 (29)

Substituting equation (27) in equations (20) and
(24), we get

|2—szO PR, =-ARe-F
a? o= TARe B (30)

and

>-n®, =0, (31)

where, | = \/1+iwy ,

m:\/M2(1+LH)
(1+H?)

+K*+wwRe

n=+/N?+1w Pe.
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The ordinary differential equations (30) and
(31) are solved under the boundary conditions (28)
and (29) for the vel ocity and temperaturefields. The
solution of the problem is obtained as:

coshmn
Fin,t)= AF\:e 1- Im -I—(IZnZGr )
cosh— B
2l
thi
I( +1) sinhn( +1)
Ta) 2| (32)
snh ™ snhn
I
sinhn(n +;j
TMm,t) =1 ————=1e&""
.0 snhn (33)

Now from the velocity field we can obtain the
skin-friction 1 _ at the left plate in terms of its
amplitude and phase angle as:

T, =(8_F) :(ﬁj e”" =|F |cos(wt +@)
on .+ \on ) _1
2 2

4| F
with |F |=/F? + F? and @ =tan l[;j (34)

r

where
FaF = 2R M, &
o 2l (1°n*—m)
m
1 _.n (35)
sinhm sinhn

From the temperature field the rate of heat

transfer Nu (Nusselt number) at theleft platein terms
of itsamplitude and phase angle is obtained as:

Nu=(a—T) =[ae°j €' =|H |cos(mt +y)
aT] =t aT] n:—%

2

where

(36)

L H;
with |H |z JHZ+H2 and ¥ =tan l(H_j (37)
The temperature field, the amplitude and the
phase angle ¥ of Nusselt number need no further
discussion because Singh, 2013 has a ready discussed
thesein detail.

Discussion

The effect of Hall current on MHD convection flow
of aviscoelastic fluid through aporous mediumfilled
inavertical channel with heat radiation is analyzed.
In order to study the effects of different parameters
appearing in the flow problem, we have carried out
numerical calculations for the velocity field, skin-
friction, in terms of its amplitude and phase.

The variations of velocity profiles under the
influence of different parametersareexhibitedin Figs.
2 to 11. Velocity variations with the visco-elastic
parameter v are shown in Fig. 2. It is observed from
this figure that the velocity decreases with the
increase of v i.e. the flow retards as the visco-
elasticity of the fluid increases. Fig. 3 depicts that
thevel ocity increasestremendously with theincrease
of Grashof number Gr. Physically it means that the
buoyancy force enhances the flow velocity. The
variations of the velocity with Reynolds number Re
are presented in Fig. 4. This figure reveals that the
velocity increases with the increase of Reynolds
number Re. Theincreasing Reynolds number means
(being theratio of inertial to the viscousforces) that
inertial forces are predominant and strengthen the
velocity field further.
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It is evident from the curves of Fig. 5 that the
velocity decreases with the increase of Hartmann
number M. Thisis because of the reason that effects
of a transverse magnetic field on an electrically
conducting fluid gives rise to a resistive type force
(called Lorentz force) similar to drag force and upon
increasing the values of M increases the drag force
which has tendency to slow down the motion of the
fluid. Hall current effects on the flow velocity are
shown by the curves shown in Fig. 6. We find from
thisfigurethat the vel ocity increaseswith theincrease
of Hall current parameter H.

The velocity variations due to the increase of
permesability of the porous medium K are displayed
in Fig. 7. For visco-elastic fluids the velocity goes
on decreasing as the permesability of the porous matrix
increases. Fig. 8 shows that the velocity decreases
with the increase of Peclet number Pe. The thermal
radiations effect on the velocity profiles are shown
by the curvesin Fig. 9. The velocity decreases with
the increase of radiation parameter N. The effects of
pressure gradient on the velocity profiles are shown
in Fig. 10. It is obvious from these curves in this
figure that the velocity increases with increasing
favourable pressure gradient A. It is because of the
fact that moreis the drop in pressure gradient faster
isthe flow. Asis evident from curves of Fig. 11 the
velocity decreases with increasing frequency of
oscillations .

Theamplitude| F | of theskin-friction T onthe
left plate (n = -0.5) is plotted in Fig. 12 against w
the frequency of oscillations. The values of various
parameterslisted in Table 1 represent different curves

0.2 vy=2,4,6

Fig. 2: Variations of velocity with ¥

Tablel: The values of various parameters show different
curves of Figs. 12 and 13

¥ Gr Re M H K Pe N A Curve
01 5 05 2 1 0.2 1 1 5 |
02 5 05 2 1 0.2 1 1 5 1
02 1 05 2 1 0.2 1 1 5 11
02 5 10 2 1 0.2 1 1 5 v
02 5 05 4 1 0.2 1 1 5 \%
02 5 05 2 5 0.2 1 1 5 VI
02 5 05 2 1 1.0 1 1 5 VI
02 5 05 2 1 0.2 7 1 5 VI
02 5 05 2 1 0.2 1 5 5 IX
02 5 05 2 1 0.2 1 1 7 X

in Fig. 1. In order to study the effect of each of the
parameter every curve is compared with the dashed
curve |l for viscoelastic parameter v = 0.2. Slightly

Fig. 3: Variations of velocity with Gr

Re=0.2,0.5,1

.0,5

=)
[
(¥

-0.5 0

Fig. 4: Variations of velocity with Re
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0.2 M=1,2, 3,4
A

Fig. 5: Variations of velocity with M

0

0.5 0 0.5

Fig. 6: Variations of velocity with H

Fig. 7: Variations of velocity with K

02 Pe=1,4,7

-0.5 0 n ——> 0.5

Fig. 8: Variations of velocity with Pe

A

A\

u
0 N——>G5

(=]
w
c

Fig. 9: Variations of velocity with N

038

-0.5 0 /N ——>»05

Fig. 10: Variations of velocity with A

0.2 w=5,6, 7

Fig. 11: Variations of velocity with @

careful observation of thefigurerevea sthat the skin-
friction amplitude decreases quite significantly for
smaller values of the frequency m (varying from O to
10) in comparison to the larger values (varying from
15to 25). The skin-friction goes on reducing further
with the increase of m although the rate of reduction
declines. From the respective comparison of curves
[, V, VIl and IX withthe dashed curvell it isgathered
that the skin-friction amplitude | F | decreases with
the increase of viscoelastic parameter v, Hartmann
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Fig. 12: Amplitude of the skin-friction

number M, Peclet number Pe and radiation parameter
N. However, it is noticed from the respective
comparison of curves Ill, IV, VI, VII and X with
dashed curve | that the skin-friction amplitude | F |
increases with the increase of Grashof number Gr,
Renolds number Re, Hall parameter H, permeability
of the porous medium K and pressure gradient
parameter A.

The effects of the variations of different flow
parameters on the phase angle o of the skin-friction
tareillustratedin Fig. 4. Itisobviousfromthisfigure
that thereis always aphase |ag because the val ues of
o plotted against » are negative throughout. Thislag
in the phase goes on increasing sharply as the
frequency of oscillations @ increases from O to 10
and the increase is phase lag is marginal for further
increase in m. Various curves are compared with the
dashed curvell. By the comparison of curveslll, VI
and VI with the dashed curve Il we find that the lag
in phase angleincreaseswith theincrease of Grashof
number Gr, Hall parameter H and the permeability
of the porous medium K respectively. Comparison
of curves Il and V reveals that as the Hartmann
number M increases the phase lag increases initialy
for smaller values of the frequency ® and then
decreases for larger values of the frequency.
Comparing curvesl, IV, VIII, IX and X with curvell
shows that the phase lag decrease with the increase
of viscoelastic parameter v, Reynolds number Re,

-5.0.2
04 N
_06 2 I'-I N\
08 |

-1.8

Fig. 13: Phase angle of the skin-friction

Peclet number Pe, Radiation parameter N and the
pressure gradient A.
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List of Symbols

A aconstant

B, magnetic field applied

c specific heat at constant pressure
e electric charge

|F|  Amplitude of skin friction

Gr Grashof number

g gravitational force

H Hall current

k thermal conductivity

K permeability of the porous medium
M Hartmann number

N heat radiation parameter

n number density of electron
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p pressure Greek Symbols
Pe electron pressure o radli ation absorption coefficient
Pe Peclet number B coefficient of volume expansion
q heat dueto radiation Y viscodlastic parameter

u viscosit
Re Reynolds number y

0 fluid density
t time variable ) o

c electric conductivity
T fluid temperature .

) d ® frequency of oscillations
T, temperatureof Z = 5 plate o, electron frequency
\ d L

T, mean temperature of 2 = 5 plate T, electron collision time
U, v, w velocity components o phase angle of the skin-friction
X,y,z axidl varicbles 9, non-dimensional temperature

* superscript
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