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With the application of the upper bound finite element limit analysis in combination with linear optimization, the stability

of a long unsupported circular tunnel (opening) in a clayey soil has been assessed. The undrained condition and the increase

of cohesion of the soil mass with depth have been taken into account. The stability of the tunnel has been evaluated in the

form of a non-dimensional stability number (y __H/c); where H is tunnel cover, ¢ refers to soil cohesion, and y, _ is

max

max

maximum unit weight of soil mass which the tunnel can support without any collapse. The variation of the stability number

with H/D has been established for different values of m; where D refers to the diameter of the tunnel and m accounts for

the rate at which the cohesion increases linearly with depth. The stability number increases continuously with an increase

in the values of both H/D and m.
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1. Introduction

For developing better transporting facilities and to
avoid congestion in traffic, underground openings/
tunnels are constructed in large cities. In order to
assess the stability of tunnels and underground
openings, a number of research investigations have
been performed by several researchers [1-9].
Atkinson and Potts [1] have studied theoretically and
experimentally the stability of supported circular
tunnels in cohesionless soil. Davis et al. [2] obtained
the solutions for evaluating the collapse of an
underground opening formed in homogenous soft clay
with the usage of the theorems of the limit analysis.
Leca and Dormieux [3] examined the stability of
shallow circular tunnels in a frictional material by
employing upper and lower bound limit analysis. With
the help of finite elements and linear programming,
Sloan and Assadi [4] obtained rigorous bound solutions
for finding the stability of a square tunnel in clay whose
cohesion increases linearly with depth under undrained

condition. Wu and Lee [5] carried out centrifuge model
tests for single and parallel tunnels in clay to study
the ground movements and the associated collapse
mechanisms. Osman et al. [6] have developed upper
bound solutions for obtaining the stability of a circular
tunnel in clay based on an assumed collapse
mechanism, that is, within the boundary of the
deformation mechanism, the soil was assume to
deform compatibly following a Gaussian distribution
and outside this mechanism, the soil was assumed to
be rigid. By applying the upper bound finite element
limit analysis with linear programming and rigid block
failure mechanism, Yang and Yang [7] calculated the
internal pressure needed on the sides of rectangular
shallow tunnel to maintain stability in cohesive-
frictional soil. Yamamoto et al. [8-9] have generated
stability charts for circular and square tunnels in
cohesive frictional soil with the usage of the finite
element limit analysis in conjunction with nonlinear
programming. In the present study, a rigorous upper
bound finite elements limit analysis has been
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performed to assess the stability of a long unsupported
circular tunnel in clay whose undrained shear strength
increases linearly with depth. The failure patterns for
a few cases have also been studied. To validate the
present numerical computations, the results obtained
from the analysis were compared with that reported
in literature.

It needs to be mentioned that on the basis of the
upper bound theorem of limit analysis, by satisfying
given velocity boundary conditions, the magnitude of
the collapse load can be simply determined by equating
the rate of total work done by the external and body
forces to the rate of dissipation of total internal energy.
The magnitude of the collapse load determined on
this basis is either greater or equal to the magnitude
of the true collapse load for a material which follows
an associated flow rule.

By using the limit analysis and assuming a
suitable collapse mechanism, a number of
investigations have been carried out by different
researchers [10-15] to solve various geotechnical
stability problems. However, the application of the
limit analysis, with an assumption of the collapse
mechanism, becomes limited to solve only simple
problems, and moreover, the accuracy of the results
depends on the assumptions involved in defining the
failure mechanism. To overcome these limitations,
more robust numerical formulations were developed
by using finite elements and mathematical
programming while implementing the limit analysis.

The advantage of using a numerical formulation
for the bound theorems is that it can handle complex
loading, complicated geometries and a variety of
material failure conditions. Further, there is no need
to assume any collapse mechanism in such a
numerical technique. Robust numerical formulations
have been developed by using finite elements and
mathematical programming while employing the upper
bound limit analysis [16-19]. The approach followed
in this paper is that introduced by Sloan and Kleeman
[18] on the basis of upper bound finite elements limit
analysis and linear optimization.

2. Problem Definition and Problem Domain

A circular tunnel (opening) of diameter D is formed
in a purely cohesive soil as shown in Fig. 1(a). The
ground surface above the tunnel is assumed to be
horizontal. The length of tunnel is very long as
compared to its diameter so that the solution can be
established with the help of a simple plane strain
analysis. It is known that for saturated normally
consolidated and lightly over consolidated clays, the
cohesion of soil mass under undrained condition
increases almost linearly with depth [20]. Therefore,
in the case of a purely cohesive soil without any
internal friction (¢ = 0), the cohesion of soil mass has
been assumed to increase linearly with depth, and is
defined by the following expression:

c=c (1+m£)
=c,|l+m— )

where (i) ¢ and ¢ are the values of soil cohesion at a
depth / and along ground surface, respectively, and
(i1) m is a non-dimensional factor which defines the
rate at which the cohesion increases with depth.

It has been assumed that no surcharge pressure
acts over the ground surface. The stability of the tunnel
needs to be determined by means of a dimensionless
stability number (S,)

Vi H

= 2)

In the above expression, v, is the maximum
unit weight of soil mass which can be permitted by
the circular unsupported opening/tunnel for a given
H/D without any collapse. The soil mass is assumed
to be perfectly plastic, and it obeys Mohr-Coulomb
failure criterion, and an associated flow rule.

Due to the symmetry about the vertical plane
(0Y), passing through the centre line of the tunnel,
only one half of the total domain, as illustrated in Fig.
1(b), was chosen and its vertical and horizontal
boundaries (CX and OX) were kept at sufficient
distances away from the perimeter of the tunnel. The
locations of these boundaries with L=2D — 8D and d
= 1D — 3D, are found to be generally sufficient; the
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Fig. 1. (a) Definition of the problem; (b) chosen domain and
associated boundary conditions

parameters L and d are defined in Fig. 1(b). The values
of L and d are fixed in a way such that (i) the regions
of the significant velocities are contained well within
the chosen domain, and (ii) a further increase in L
and d hardly causes any change in the value of the
stability number.

3. Finite Element Meshes and Boundary
Conditions

The chosen domain was discretized into a number of
three-noded triangular elements. The sizes of the
elements are gradually made smaller approaching the

periphery of the tunnel. Each node remains unique to
a particular element, and an interface between any
two adjacent elements becomes always the line of
the velocity discontinuity. The chosen finite element
meshes for two different values of H/D, namely, 2
and 4 are illustrated in Figs. 2(a) and 2(b); in these
figures, the parameters, E, N, and D, refer to the total
number of (i) elements, (ii) nodes, and (iii)
discontinuities, respectively. Note that a larger size of
the problem domain needs to be chosen for greater
values of H/D: the larger size of the domain is
associated with greater number of nodes, elements
and velocity discontinuities. All the meshes were
generated by writing the necessary preprocessing
code in MATLAB. Within a given element, a linear
variation of the velocities has been chosen with the
application of linear shape functions. At each point
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Fig. 2. The chosen finite element meshes for (a) H/D = 2;
and (b) H/D = 4
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within the domain, there are two basic unknowns,
namely, horizontal velocity («) and vertical velocity
(v). Along the boundaries CX and OX, it is specified
that the values of the horizontal and vertical velocities
become equal to zero; whereas along the boundary
0Q and PY, the horizontal velocities become equal to
zero. The periphery of the opening PQ is modeled as
a stress free surface, that is, deformation can take
place freely in any direction along this surface; hence,
no velocity boundary constraints need to be imposed
along this circular boundary.

4. Analysis

Following Sloan and Kleeman [18], an upper bound
finite limit analysis has been performed by satisfying
the kinematically admissible velocity field. Note that
akinematically velocity field is the one which satisfies
compatibility, associated flow rule and the velocity
boundary conditions. In addition, kinematically
admissible velocity discontinuities are permitted along
the interfaces of all the adjacent elements; that is,
normal and tangential velocity jumps across any
discontinuity line must satisfy the associated flow rule.
The Mohr-Coulomb failure criterion is assumed to be
valid. For plane strain conditions, the Mohr-Coulomb
yield function (F) can be expressed as

F = (O'X—O' y)2 + (2rxy )2

- (2ccos¢— (O'x +0'y)sin ¢)2 =0 ©)

To ensure that the finite-element formulation
leads to a linear programming problem, it is necessary
to express the yield criterion as a linear function of
stresses. By following Bottero et al. [16], the Mohr-
Coulomb yield criterion is linearized by drawing a
symmetric arrangement of planes in a stress space.
The linearized yield polygon is circumscribed to the
parent yield circle so that the solution remains always
a rigorous upper bound on the exact solution; Fig. 3
shows the linearized yield polygon for p = 3. For a
polygon with p sides, the equation of the k" side of
the Mohr-Coulomb criterion becomes as

F,=A0, +Bo,+C1, —2ccosp=0 (4

where A =cosa, +sing, B, =sing—cosq,,
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Fig. 3. The linearization of the Mohr-Coulomb yield
criterion with p = 3

Ck :Zsjnak, a, =2,3k, ,6=7Z'/p, and k =1, 2,
...., p- BEq. (4) is associated with k" side of the yield
polygon joining the vertices k and (k+1) as shown in
Fig. 3. The co-ordinates of these vertices in terms of
the variables X and Y are given below:

X, =Rcos(a, — f8)/cos f3;

X, = Reos(a, + )/ cos B

Y, = Rsin(a, — )/ cos 5;

Y., =Rsin(a, + f)/cos f;

(5a)

(5b)

where R is the radius of the yield circle drawn in the
X-Y plane.

R=2ccosg— (o, +0,)sing (5¢)

The associated flow rule imposes three equality
constraints on the nodal velocities and plastic multiplier
rates for each element. For the linearized yield criterion
defined by Eq. (4), the plastic strain rates are given
by

. k=p k=p
T e W Y ¥')
T Ox o, = "Jdo, = (6a)
420
A k=p . k=p .
=a—v=ﬂa—F=2ﬂ- aFk = j'kBk

ay aO'y k=1 k aO'V _‘k=l (6b)
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where j% = a non-negative plastic multiplier rate
associated with the k" side of the yield polygon; &, =
plastic normal strain rate in x-direction; £, = plastic
normal strain rate in y-direction; }'/xy = plastic shear
strain rate; o, and o, are the normal stresses in x and
y directions, respectively; and Ty is the shear stress.
The parent yield circle is inscribed to the chosen
linearized polygon so that the numerical solution always
remains a rigorous upper bound on the exact solution.
While performing the computations, the total numbers
of sides of the yield polygon were taken equal to 24.

An upper bound on true collapse load can be
obtained by minimizing the total power dissipated in
the problem domain. The power dissipation occurs in
the domain due to (i) presence of the velocity
discontinuities and (ii) plastic straining of all the
elements. For formulating the upper bound problem
as a linear programming problem, the following
equality constraint needs to be imposed:

YA(-v)=K @

where (i) A, is the area of the i element, (ii) v, is the
velocity in y direction at the centroid of the i element,
(iii) E is the total number of elements in the domain,
and (iv) K is a constant which needs to be always
positive and provides the rate of the total external
work done by the body forces Ay in the vertical
downward direction with a unit value of y. Since v is
taken as positive in the vertical upward direction, the
negative sign has been assigned to v, in Eq. (7).

The objective function along with the constraints
in a kinematically admissible velocity field can be
written in the following standard form so as to finally

frame a linear programming problem:
Objective function: Minimize {C}7{X} (8)

Subject to constraints: [A]{X} = {B} )

Cl
{C} = {gz} = global vector of the coefficients
3

of the objective function

{x}={§:}
X3

X, = global vector of the nodal velocities
(unbounded)

X, = global vector of the element plastic
multiplier rates (positive)

X, = global vector of the velocity discontinuity
parameters (positive)

[A] = Matrix of coefficients of the equality
constraints

{B} = global vector of constants on the right
hand side of the constraints

For obtaining the solution of the problem, a
computer code was written in MATLAB and the linear
optimization was performed by using a subprogram
‘linprog’ available in MATLAB for minimizing the
objective function, the detailed computational
procedure is elaborated in Kumar and Kouzer [21].
After minimizing the objective function, the value of
maximum unit weight of soil (y, ) is determined by
using the following expression:

Min{C} {X}
Vs = (10)

It should be mentioned that the value of vy,
remains always independent with respect to any
chosen positive value of K. By knowing the value of
Y e the value of the stability number (S)) is then
computed by using Eq. (2).

5. Results and Comparisons
5.1. The Variation of the Stability Number (S,)

The variation of the stability number S, with changes
in H/D has been obtained for different values of m.
In order to obtain the computational results (i) the
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value of H/D was varied from 1 to 7, and (iii) six
different magnitudes of m, namely, O, 1, 2, 3,4 and 5,
were chosen. The computational results are presented
in Fig. 4 and Table 1. It can be seen that the magnitude
of the stability number increases continuously with
an increment in the values of both H/D and m.
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Fig. 4. The variation of S, with H/D for different values of m

The results obtained from the present analysis
imply that for a given H/D, the maximum height which
can be permitted by a circular opening of diameter D
increases with an increase in values of m. On the
other hand, the maximum height which the opening
can permit, will increase with an increase in H/D (or
in other words with a reduction in the diameter of the
tunnel for a given H). It should be mentioned that
from the basic definition of the stability number, it can

Table 1. The values of S, for different combination of H/D
and m

H/D m
0 1 2 3 4 5

1 2.05 3.93 5.67 739 9.09 10.78
2 3.07 8.26 13.24 18.18 23.11 28.04
3 3.76 13.12 2220 31.24 40.28 49.30
4 434 18.52 3241 46.27 60.54 74.24
5 4.81 2431 43.85 63.21 82.75 102.12
6 5.22 30.25 55.93 81.31 106.17 131.38
7 5.51 36.75  69.01 100.43 132.20 164.78

be easily concluded that the maximum permissible
height for a given diameter of the tunnel will increase
continuously with (i) an increase in soil cohesion and
(ii) a decrease in the unit weight of soil mass.

For the purpose of comparison, the values of S,
obtained from the present study for m = 0 were
compared with (ii) the upper bound solution of Osman
et al. [6] on the basis of an assumed collapse
mechanism, and (ii) the numerical upper bound limit
analysis solution given by Yamamoto ef al. [8] based
on nonlinear programming. The comparison of these
results are provided in Fig. 5; note that the existing
results of Osman et al. [6] and Yamamoto et al. [8]
have been reported only up to H/D =5 and, moreover,
these results are available only for m = 0. It can be
noted that in all the cases the results from the present
analysis are marginally lower than the results of Osman
et al. [6] and compare quite closely with the available
solutions of Yamamoto et al. [8].

5.2. Nodal Velocity Patterns

Nodal velocity patterns were examined for H/D =2
and 4 with two different values of m, namely, 0 and 5.
These nodal velocity patterns are illustrated in Figs. 6
and 7. The arrow line drawn at any point represents
the magnitude and direction of the resultant velocity.
If there are two or more straight lines at the same
point, it implies the presence of the line of velocity
discontinuity in the domain. The nodal velocities have
been found to be always in vertical downward direction

s - :
m—0 | /
4
Sy » |
P |
3 /s | [—&— Osman ¢f af. (2006)
// —8— Present analysis
¥ -8 Yamamole et el (2011)
2 L | T ]
I T T 1
1 2 3 4 3 6 7

Fig. 5. A comparison of the present results with those
available in literature
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Fig. 6. The variation of nodal velocity patterns for H/D = 2 with (a) m = 0; and (b) m = 5

at the crest of the tunnel. On the other hand, at the
bottom of the tunnel (i) for m =5, hardly any movement
of the soil has been observed and (ii) for m = 0, a
considerable vertical upward movement (heave) of
the soil is noted. The nodal velocities around the
perimeter of the tunnel for m = 5 are found to be
generally much greater as compared to those obtained

with m = 0. The boundary of the rupture zone in all
the cases has been found to become curvilinear; the
rupture zone refers to a region in which the
magnitudes of the nodal velocities were found to be
significant. Note that the size of the failure zone
becomes consistently smaller for lower values of H/
D and greater values of m.
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Fig. 7. The variation of nodal velocity patterns for H/D = 4 with (a) m = 0; and (b) m = 5

Conclusions

The stability of a long unsupported circular tunnel
(opening) formed in a clayey soil medium has been
determined by employing the upper bound limit analysis
in combination with finite elements and linear
programming. The stability of the tunnel has been
assessed with the help of a non-dimensional stability
number, the variation of which has been established

as a function of m and H/D. With an increase in the
values of H/D and m, the stability numbers increase
continuously. The size of the failure zone increases
continuously (i) with an increase in the values of H/
D, and (ii) with a decrease in the values of m. The
numerical results presented in this paper are found to
compare well with that available in literature for
m=0.
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