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This paper gives a generalization of the Meijer’s @-function to two variables.
The generalized function yields as special cases the Appell’s double hyper-
geometric functions and the Kampé de Feriét’s hypergeomstric functions of
higher order, besides all those functions which can be defined through the
G-symbol.

1. INTRODUCTION

Meijer in 1941 defined his G-function by means of a Mellin-Barnes type of
integral in the form
Gm n(

H I’[bj—-s] H I'l—a;+s]

ay, @z, . . a,p)
I

bh be L)

1

= 9m * ds,
]_—I"{HI’[I bj+8] H I‘[a,,-—a]
where an empty product is interpreted as 1, 0 <m < g, 0 < n < p, and the
parameters are such that no pole of I'lbj—s], j=1, 2, ..., m coincides
with any pole of I'll—ax+s], k=1, 2,..., n. The path of integration*
L runs from —i oo to 414 oo so that all poles of I'lb;—s8],7=1,2,..., mare
to the right, and all the poles of I'[1—ax+8}, k=1, 2, ..., n to the left of L.

The integral converges for p+g < 2 (m+n) and |arg | < m(m+n—3p—1q).
The importance of the G-function lies in the great many special functions
that can be represented as its particular cases.

The object of this paper is to define a G-function of two variables
which not only includes the Meijer’s G-function as a particular case but also
most of the known functions of two variables, e.g. the Appell’s functions F,,
¥y, Fg and F,, the Whittaker functions of two variables, etc. Besides in-
cluding the known functions of two variables as particular cases, it leaves the
possibility of defining, through this new @-symbol of two variables, a great
many special functions of two variables not hitherto mentioned.

The following notation is used throughout the present paper.

* For all other possible paths of integration, see Erdélyi et al. (1058).
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Let

(@m = a{a+1)(@+2). .. (a+m—1); (a)y=1.
Also, the symbol (ap) denotes the sequence of elements a;, a;, ..., ap and
(am, p) denotes the sequence am, amyy, - . - , %p.

Thus the double hypergeometric function of higher order in two variables
p €1,€2,-..,€p
EYL Y Y Y, |

F
881,82,...,85 yJ
q1BLEB, ... Ba B,
i i (€msn - - - (DmenVDm()n - - - Ve)ml¥ )n
4

o =0 BDmen - - Golman(B)m(Bn - - - (BB Ya(Lm(1)n
where p 4t < s4-¢-1 shall be abbreviated to

xmyﬂ b

(ep)
F ¢ ')’(t) z ‘
s |(8s) y
q|(Bg)s (B;)

The series for the F-functions converges absolutely for all complex values
of v and y if p4-¢t <s+gq-+1. In case p-+t = s}g-+1, it converges absolutely
for all complex values of z and y such that (Ragab 1963)

||+ |y| < min (1, 26-2%1),

”l sy M, n, v
2, TREG, V¥

P yz[ ] FUNCTION
Y

Consider the double contour integral

(1) I=—5 f f ¢(§+71)’1”(§ n)zby"dédn,

472

where

l" "l

H I'igj— E] H Fin+§l H g —-71] H P[Y +7]

!'p('fy 7]) = -
11 F[l-ﬁf+§] m T=7—£1 I I[1—g—n] n M1—v,-7]
j=1+my 1=1+vs

j=mit1 j=vt

i F[I—e;+§+n]
D(é4n) = ——I=!
I I'[e,—§-—11] IT F[sj+§+"7]

j=nt1

and0<m1<q,0<mg<q,0<v1<t,0<vz<t,0<”<P-
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The sequence 0f" parameters (Bm,), (/3:,.2), (Yvy), (7;2) and (e,) are such

that none of the poles of the integrand coincide. The paths of integration are
indented, if necessary, in such a manner that all the poles of I'[8;—¢], j =1,

2,..., my and I‘[ﬁ;—n], k=1, 2, ..., my lie to the right, and those of
My4+8,i=1,2,...,nand I'[%4n], k=1,2,...,v; and I[1—¢+£47),
j=1,2,..., nlie to the left of the imaginary axis.
The integral (2.1) converges if

p+g+s+t < 2(my+vi+n),

pt+qt+s+t < 2(ma+ve+n),
(2) and

larg x| < a[my+vi+n—4(p+g+s+1)],
larg y| < almg+vo+n—Hp+q+s+1)].

Evaluating (2.1) by considering the residues at the poles of integrand
that lie to the right of imaginary axis, we have

v]_ v2 , , m2 , )
< < ' I T{v;+Bs] 0 T[v,+8,] 1" T'[B~B]
3 I= zl: i xB"yBk - i=1 & ﬂh]z=1 [ ! ﬂk]j=1 [ﬂ] By
’ ’ q
h=1 k=1 . H F[]-—Yj—ﬂh] . H I[]_-—-‘y]-_.ﬂk] H F[l_ﬂj+ﬂh]
J=v1+1 ]=1+v2 J=1+m1

A I[1—e+futf] I T1B~Bi]

x §
A M-f48] 1 Iog—pa—8] 1 IT546046]
j=1+m, j=1+n j=1
p |(l—ep+BrtBy)
t |+Ba); (v, +B) (—ymtp oy,
8 (38+:Bh+ﬁ;) (__)m2+p‘ﬂ+6—v2y )

g—1|(1—Bg+Bu)*; (1—B,+8,)"

where the prime in 77’ indicates the omission of the factor of the type
ITB;—p;]; the asterisk in the F' denotes the omission of the parameter of the
type (1—Br-+pBr). (2.3) converges absolutely for p4t < s+4q or p+t=s+q
and [z[+|y| < min (1, 22-+Y),

The right-hand side of (2.3) shall, henceforth, be symbolically denoted by

x (Ep)
Gn, Vys Vg My, my (yt); (yt)
Pt g y1(8)

(Ba); (B,)
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" x
or G: :SV: o 2[;] or simply G[yJ’ whenever there is no chance of a

misunderstanding and is the required extension of Meijer’s G-function to
two variables.

3. CEeRTAIN PARTICULAR CASES OF G[x]

v M| T my, ¥y (1-—'}’;) Mg Vy (l——)’;)
e AR A e P
Lyt my Y ¥,
o ol

_ nryl o ,1< l(l—y,)) -
II F[l-—ﬁ] ! (Bq)

(lll) Gn, t,t, 1,1 [1?] — B B' jIle { F[Yj+Bl][‘[)’]+ﬂ;]}
T {Pi—f+Bar(1—B+6]]
i=

nts, q

) n (1—en+B1+8))
j]zjl F[l—ej+ﬁ1+B;]F 4 (Ye+B1); ('}’;+B;) -
o i) |0 |GFAEA) |
=t g—1](1=Be+Bn)*s (1~B,+B)

, (h4-t < s+q).

(ep)
...... n, n (ep)
() Leoyon | =32 (e ) @<
| (Bg)s (0)
' Iy +8i1] I"['J/ +'B]
J,1,1, 1,1 |2 A
vy G’/ [y] 3 £ I‘[81+51+f3]

X Fy[l—e;4+B1+B,; Vi+B1, ¥ +B,; 81+B1+B; —= —y].

; 1,1,,1,1[%] _ P[yl'l'ﬂl]r[?’l"'ﬁ]F[1‘51+51+51]
(Vl) Gl 1,0,2 [y] = x ?/ I’[I—Bg+ﬂ1]1"[l——ﬁz+31]
X Fy[14+B1+B, —e1; V1+By, v, +8;; 1—Ba+Br 1—B,+B,; —z.—y].
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s 7] oy T'[vi+B1] Tlve+B11 T [y, +8,]

Py r'8,+81+8,]

X[y, +B]Fs[714B1 7;+131’» Y2+ B, 7’;+ﬁ;; 81+ﬁ1+ﬁ;; —2,—y].
11 [7] 2 Ay fi CO et Pt B T —eot B 45)]

2 1yl T[1—By+B]1[1-B,+86,]
XFy[1—e+B1+B8;, 1—ea+B1+B; L+B1—Bs, L+B;, ~By; —a,—y].

(vi) Gy 2

2,0, 0,
(viii) G’z, 0,0,

, mri- .

l[x] A I T[l—e+prth)]
1 5 , j ,
Y A1 T[8+pi+p] 1T Tlo—fi—B)]

(ix) @0y

0 1
0,51

[Q—ep+Bi48) 5 (=) P(z+y)

Xpl's , s < 1).
? [(8,+ﬂ1+31) ] (p<st+l)

Mo
0,1, Vg, 1, g

g
x) Gy [25] = z z oBryPi I [v1+Bn)

y h=1k=1

11 I[%+8;] IT' T(f—Fs) IT T[~5;]
X j=1 j=1 j=1

S ’ t t ’ o’ q ’ ’
I T[8+pp+p) I T(1—v;—ps) I T[1-v—p) 1 TI[14+8—B]]
1=1 i=2 J=14v, j=1+m,

o ...l
F ¢ | (e+Br)s (r+8) (et (t<s+g)
’ ’ ° '
X L (3s+Bu+5;) (=)matioay 9
g=1| (A —Bo+pn)*; (1B +B)"

This function may be taken to define an extension of MacRobert’s
E-function to two variables.

X
4, SoME SiMPLE PROPERTIES AND RECURRENCE RELATIONS FOR G[y]

x
In this section certain elementary properties of G[y] -function are

enumerated. The proofs are fairly simple and follow by easy change in
variables in the integral (2.1) and hence are omitted.

(ep+o+p)
(A) x"ypg[“’] —al® (Ye—o0); (¥,~#) .
- Y Yy (83"0-")

(Bg+0); (B,+H)
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(ep)
"V -1, vy =1, my, my z ‘)’2, (‘)’ )
(B) Gy ilt s a1 1 (5) o j
(pﬂ-l) 5 (ﬁ;_l)

[ (¢p) l :
1— ] 2 1
g x Bq )’2 t B ( 2, t) (q’ t, vy, vo > 1)

ly (8) J
(Ba) 5 (ﬁ;)
(ep)
I E2 2| 147y, (Vs 0); (7)) [r
© ”aTvG[y]’"‘G y| @) ~hG u]
Bd); (B;)

A similar formula holds for y %g

(ep)

x| 1471, (Yo, o) 5 (7’;)
Y| (%)

(Ba); (B)

(D) m+p,)G[;] =6

] (Ep) \
2| (%) (V)
+61 Lo }.<»1>1>.
| 11481 (Be. o) (B)

A similar relation holds for (¥, +8,)G.

(ep-1), ep—1
z AN A
_,,] R PN
(Ba) (ﬁ;)

(ep)

z|(7); (7))

Yy (8s-1), 3;—1
B (B)

(E) (et Ss-2)0[

Ap>1,8 21).
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(€p-1), €p—1 ]
x| (Ye); (7,,)
Y| (%)

(Ba) 5 (B7)

(F) (e,,+yl+y;—1)a[;] =@

(fp) (Ep)
1@ z|(Y1+1), (Ve 4); (7;) G[“‘ (Ye); I'H’;’ (7.;., t)
y|(
(

) L PR (2 Ln >l 1)
Ba); (B) [ (Ba): (B)
(‘p) ]
, x x! (V)5 (7,1)
(@ (ﬁ‘+pl+8‘—l)a[y]=q y|(8) J
Bit1, (B2 q); (By)
(ep) (€p)
x| () (7)) z[(7); (V) 1
vl O 51, 3 | O
(B Bi+1 (B, ) (Ba)s (8,)

These are only a few representative recurrence relations for G[;] . How-

ever, because of the large number of parameters that occur in it, one can get a
variety of other such relations.

5. TrEG" 't "2 ™" [“’] FuxNorion
Db Y
This function, although, is a particular case of G [;], yet is of special

interest. It is easy to see that in the case of G[:] -function one cannot get the

analogue of the important formula,

mnf _ |(ap) " m
@ ife o) =

(l—bq))
(1—ap)/’




AN EXTENSION OF MEIJER'S G-FUNCTION 543

for the Meijer’s G-function. However, we see from (2.3) that

/ (517)

Q% V1,2, M, M| % ()3 (7;) _ % 3 Bh, B
b5, g ¥ (8) - z k
k=1 k= 1 T{1—7;—Bs]

, 1 k=1
(Bq)s (ﬂq) j=14v;

ﬁ I[¥;+B]

M ITY+81 1T T1B—a) IT 116—f;]

@) |* q e ,
J_ﬁy M-y —.B‘k] H I‘[l—ﬂ1+ﬂh] e I[l—ﬂj+ﬁk]j1jl Me—Br—B.]
P (1—‘p+ﬂh+ﬂk) ]
1 ¢ (Ye+Bn); (V,+8B,) (=)t
* d mytt—v,+p *
171‘[51+Bn+ﬂk] l (3s+Br+B,) (—ratt-rstpy
0=1|(1=o+8n)*; (1—F,+6)" |

valid for p+¢ < s+4q or p4t = s+q and |Z|+|y| < min (1, 25-7+1),
However, if none of the poles of I'ly;+¢,=1, 2, ...» and T [7,+n],

M1=1, 2, ..., coincide, we have from (2.1)
o v vy m m [Z] _ Vi ¥ oy IZ' T'[v;—73] H' F[‘)’ —')’k]
Gptl;qz’ Lzy_z 2~y j
T i Iey+7+7,) i I[8;—va—7,)
i=1 j=1

”ll m2 , ,
1 rig+ I I(B+7,)
j= j=

X d ’ ; q q B ,
3) i F[1+7h"‘7]] o IM+y—y] O T-=w-—p] I I[1-7~]
j=rptl =Vptl j=m+1 =g+l
[8 (1_88+7h+'}'k) |
q (Ba+7n); (ﬁ;+'}';) (—)g~my=stv gzl
| P (ep+‘)'h+')',:) (=)= my-stvyy -1

lt—l (1=7470)*; =%, +7)*

1
valid for s+q < t+p or s4+g—=t+p and [+!g} < min (1, 2p-5+1),

Also, by an obvious change in the variables in the integral (2.1) or from

(5.2) and (5.3), the important formula,
[ | (%)

- Bo); (8,
4) GO' V1, Ve, ", ™ [: ] Q% "1 " "L Y2 z| (Fa) ( q)l , 1is obtained.

Y ot y | (€p)

o0: )]
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This is an extension of the formula (5.1) for the Meijer’s @-function and
transforms a particular G[;] -function into one with arguments 1/x and 1/y

and reduces to a relation equivalent to (5.1) for p = 0 = s.

6. Tar BERAVIOUR OF G[;] FOR SMALL VALUES OF Z AND ¥

The behaviour of G’[;] in the neighbourhood of z = 0 = y follows easily
from (2.3). We have
z ’
G[y] = 0(«|fly| #)as z and y > 0,
where p-f{ <s+q and f=max Ry, h=1, 2,..., m; and f' = max RiB,,

k=1,2,...,m2.

7. CERTAIN INTEGRALS WITH G[;]

In this section we discuss three integrals which involve G [;] in the

integrand. The first integral gives the behaviour of this function under
double Euler-transform. In particular, we evaluate the double integral

1 ,l )
(l) f f g—a(l_§)a-ﬁ—1.,,—a(1_n)a—b—lg[xf]dfd-,’.
oY o yn
Substituting (2.1) for G[;], changing the order of integration and eva-
luating the inner double integral, we get, on using (2.1) again, that (7.1)
equals I'la—p]I"[a—b] times

(Gp) .I
o v+ v+l m mo | 2 (), B (y;)’ b ,
P, i+, s, g+1 y!(5)
l1—a, (Bg); 1—a, (ﬁq) J

when the set of conditions (2.2) holds along with the restrictions
RIf < Rla <14RIBy, h=1,2,...,m,,
Rlb <Rla <14+RIf, k=12, ...,m,.
Next, let us evaluate the integral

(2) f f (sin 6)1-24 sin (2A41)0. (sin $)1-22 sin (2u+1)¢
0vY o

x 8in2°§
G dodé
[y sin2°¢] ’
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where A, i, o are positive integers, A and p may be even zero.
2 8In 2°
Substituting, once again, the integral (2.1) for G[y :;;1 202] , changing the
order of integration and evaluating the inner integral in terms of gamma
products with the help of the integral

TIRT(3/2)— 1€ +A]
FEr242—¢]

f sin (2A+1)f (sin 6)!-26d60 = , (RIE < 1),
0

we get that (7.2) equa.ls

I'[(3/2) —a+oél[a+ A—oé]

—-f0

I'[(3/2)—b+on]I'[b4p—anlztyn
Ib—on}l[24p—b+om)]

o e 971 2; 3—2b+2j j
1 J J mir [H?»_%@_z] [+__2u]p[_f+mﬂ]
— i=0 4 o
in ~ Ttr—ati PR -
° —$0 -0 GH {I‘ [f+w:lr["l+ﬂ;——-ﬂ]r l:—"]‘,‘“:i]

i=o0

dédn

P[—n+{(b+pu+j)/o}]
I{—¢4{(a+j)/o}]

} 2hy™p(€, n)DP(E+7)dédn.

Evaluating the above integral by (2.1), we get that (7.2) equals

(ep)

T m vy 0, vyt 0, Mt 0, mata | T (Y1) (920)s (Poy41,1)3 ( ) (.‘12.,) ( vatl, ;)

Op t+20, s, g+20 Y (8,)
(ﬁml) (bza) (ﬁ"'l‘*'1 q (Bmg) (bZO) (Bm2+1 g
where
3—2a+2j 1—a+j
Jip1 = o ! Tipog1 = o
R bj=0,1,2,..., 01
o 3—=2b42% ' _1-b4j
41T 9g 0 diter1T T 4
and
a+Ai+) a—A—1+4j
bjy1 = P bjpopr = —a '
, L rj=0,1,2,...,0—1
p Lb0teti o _b—p—l4g
J+1 o > dtotl a

The result being valid under the set of conditions (2.2), p+t<s+tg,
Rla: BIb < 1.
3
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Similarly, if we use the integral

" in e TN — € E+2— 1]
3 2¢ =
(8) fo (sin 9)1-%€ cos 2)6d6 TG TA—EIFTE—} (BIE < 1)

t

we can obtain the result

(4) f f (sin §)1-26 cos (2A8)(sin ¢)1~2b cos .(2#45))(0[" ”“2“9]d0d¢
0Yo

y 8in29¢

(ep) ]
= EG", ¥, +0,vy+0, my+0, my+o [x ('le)’ <g2a)’ (‘)/,,1_,_1, ‘); (‘)/;2), .(g;a)’ (Y:'2+1J)
o P it20,s, 9420 y (88) s
l (‘Bml)’ (bzo), (Bml +1, q); (B:ng)’ (b;a)’ (‘B:n2+1, q)

where
l—a+j 3—~2a+2j
Jiv1 = —71 2, Firoq1 = -——2;'2
;o _1=btj g—opq2j (=0 L2 le=])
=" J4or1= "3,
and
b 2a+22+2—1 2g—21—1+2j
= e =" ——
g 22— _ 2—2u—1+2j ,J=0,1,..., (6=1).
A 20 v Oy =g,

The result being valid under the same conditions as for (7.2).
It is proposed to study the differential equation satisfied by G[z], its

asymptotic behaviour for large values of « and y and the expansion theory in a
subsequent communication.
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