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The main aim of this paper is to show how commutative algebra is connected to topology. We give

underlying topological idea of some results on completable unimodular rows.
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1. INTRODUCTION

Let k be a field and~x = (x1, x2 · · · , xn) ∈ kn be a non-zero vector, then~x can be completed to a basis

of kn. We wish to have an analogue of the above statement for rings. LetA be a ring and~a ∈ An,~a 6= 0.

Then there is a natural question when can~a be completed to a basis ofAn? Suppose~a = (a1, a2, · · · , an)

can be completed to a basis ofAn. Consider these basis vectors as columns of a matrixα, whose first

column is(a1, a2, · · · , an). The fact that these vectors spanAn imply that there exists an× n invertible

matrixβ such thatαβ = In. Conversely if there exists an invertible matrixα ∈ Mn(A) with first column

(a1, a2, · · · , an), then(a1, a2, · · · , an) can be completed to a basis ofAn.

Since any completable row(a1, a2, · · · , an) is unimodular, this leads to the following problem :

Suppose(a1, a2, · · · , an) ∈ An is a unimodular row. Then can one complete the row(a1, a2, · · · , an)

to a matrix belonging toGLn(A)?

In general answer of this question is negative. Surprisingly this is related to topology.

1Thiswork is supported by Council of Scientific and Industrial Research grant.
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Suppose one can find a matrixα ∈ GLn(A) having first column(a1, a2, · · · , an). Thene1α
t =

(a1, a2, · · · , an), wheree1 = (1, 0, · · · , 0). The groupGLn(A) acts onAn via matrix multiplication.

The row(a1, a2, · · · , an) can be completed to a matrix inGLn(A) if and only if (a1, a2, · · · , an) lies in

the orbit of(1, 0, · · · , 0) under theGLn(A) action (a similar statement holds forSLn(A)).

In this paper ring means commutative ring with identity and(a1, a2, · · · , an) ∼ (b1, b2, · · · , bn)

means∃ α ∈ GLn(A) such that(a1, a2, · · · , an)α = (b1, b2, · · · , bn).

Example1.1 : Let(x1, x2) ∈ Z2. Then(x1, x2) is unimodular if and only ifx1, x2 are relatively prime.

In this case there existx, y ∈ Z such thatx1x + x2y = 1 and the matrix

(
x1 −y

x2 x

)
has determinant

1. We can find an explicit completion of(x1, x2) using the Euclidean Algorithm in the following manner:

Assume for simplicity thatx1, x2 > 0 andx1 > x2. Then by division algorithmx1 = x2q + r, where

q is the quotient andr is the remainder. Then

(
1 −q

0 1

)(
x1

x2

)
=

(
r

x2

)
. It follows by iterating

the above procedure that we can get a matrixα which is a product of matrices of the form

(
1 q

0 1

)
,

(
1 0

q′ 1

)
whereq, q′ ∈ Z such thatα

(
x1

x2

)
=

(
1

0

)
. Thenα−1

(
1

0

)
=

(
x1

x2

)
andα ∈

SL2(Z).

This example motivates to defineEn(A).

Definition1.2 — LetA be a commutative ring with identity. LetEij(λ), i 6= j be then × n matrix

in SLn(A) which has1 as its diagonal entries,λ as(i, j)th entry and rest of entries are zero. Then the

subgroupEn(A) generated byEij(λ), i 6= j of SLn(A) is called elementary group and its elements are

called elementary matrices.

For any Euclidean domainA, any unimodular row(a1, a2, · · · , an) ∈ An can be completed to an

elementary matrix, wheren ≥ 2 i.e. (a1, a2, · · · , an)
En(A)∼ (1, 0, · · · , 0), where

En(A)∼ denotes the

induced action ofEn(A) on unimodular rows.

Note thatEn(A) ⊂ SLn(A) ⊂ GLn(A), hence(a1, a2, · · · , an)
En(A)∼ (1, 0, · · · , 0) ⇒ (a1, a2, · · · ,

an)
SLn(A)∼ (1, 0, · · · , 0) ⇒ (a1, a2, · · · , an)

GLn(A)∼ (1, 0, · · · , 0). SinceA = k[X] (wherek is a field) is

a Euclidean domain,(a1, a2, · · · , an)
En(A)∼ (1, 0, · · · , 0) for any unimodular row(a1, a2, · · · , an) ∈ An.

Proposition1.3 — LetA be a ring and(a1, a2, · · · , an) ∈ An be a unimodular row. Then(a1 +

λXa2, a2, · · · , an) ∈ A[X]n is a unimodular row overA[X], for everyλ ∈ A.

PROOF : Since(a1, a2, · · · , an) ∈ An is a unimodular, there exists(b1, b2, · · · , bn) ∈ An such that
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∑n
i=1 aibi = 1. Takec1 = b1, c2 = b2 − b1λX, c3 = b3, · · · , cn = bn, thus we havec1(a1 + λXa2) +

∑n
i=2 aici = 1. Therefore(a1 + λXa2, a2, · · · , an) is a unimodular row overA[X]. 2

From Proposition 1.3, we can prove that for any matrixσ =
∏r

i=1 Eij(λ) ∈ En(A), (a1, a2, · · · , an)

σ(X) ∈ A[X]n is a unimodular overA[X], whereσ(X) =
∏r

i=1 Eij(λX).

2. TOPOLOGICAL FACT

Lemma2.1 — LetT be a topological space. Then any continuous mapf : T −→ T is homotopic to itself.

Lemma2.2 ([6], Exercise 1, page 325) — LetT, T1 andT2 be topological spaces. Suppose maps

h, h′ : T −→ T1 andk, k′ : T1 −→ T2 are homotopic. Thenk ◦ h andk′ ◦ h′ are homotopic.

Lemma2.3 ([6]) — Let T, T1 andT2 be topological spaces. Supposek : T −→ T1 is a continuous

map andF is a homotopy between mapsf, f ′ : T2 −→ T , thenk ◦ F is a homotopy between the maps

k ◦ f andk ◦ f ′.

Definition2.4 — Letf : T −→ T ′ be a continuous map. We say that f is a homotopy equivalence if

there exists a continuous mapg : T ′ −→ T such thatf ◦ g is homotopic to the identity mapIT ′ on T ′

andg ◦ f is homotopic to the identity mapIT on T . Two spacesT andT ′ are said to be homotopically

equivalent or of the same homotopy type if there exists a homotopy equivalence from one to the other.

Theorem2.5 ([3]) — If two spacesT andT ′ are homotopically equivalent and any continuous map

fromT to Sn−1 is homotopic to a constant map, then any continuous map fromT ′ to Sn−1 is homotopic

to a constant map.

Theorem2.6 ([3]) — LetT be a simplicial complex of dimension≤ r andT ′ be a closed subcomplex

of T . Supposef : T ′ −→ Sr is a continuous map, Thenf can be extended to a continuous map

f ′ : T −→ Sr such thatf ′|T ′ = f .

This topological fact can be proved by induction. One chooses a vertex of the complexT that does

not belong toT ′ and chooses an arbitrary extension off . Then one extendsf linearly to the edge ofT

that does not belong toT ′, then to the two faces etc.

Theorem2.7([3]) — LetT be a simplicial complex of dimensionn andT ′ be a closed subcomplex of

T . Then any continuous mapf : T ′ −→ Rn − {0} can be extended to a continuous mapf ′ : T −→ Rn

such thatf ′−1({0}) is a finite set.

Theorem2.8 ([9] Theorem 4.4, page 153) —Let T be a separable metric space andT ′ be a closed

subspace ofT . Suppose two mapsf andg from T ′ −→ Sn are homotopic. If there exists an extension

f ′ : T −→ Sn of f , then there exists an extensiong′ : T −→ Sn of g such thatf ′ andg′ are homotopic.
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Let I be an ideal ofk[X1, X2, · · · , Xm]. ThenV (I) = {(x1, x2, · · · , xm) ∈ km | f(x1, x2, · · · , xm)

= 0, for everyf ∈ I}. By Hilbert basis theorem, every ideal ofk[X1, X2, · · · , Xm] is finitely generated,

soV (I) is the set of common zeros of finitely many polynomials.

Example2.9 : LetA = R[X1, X2] andI = (X2
1 + X2

2 − 1) ⊂ A be an ideal , thenV (I) ∩ R2 = S1

(real sphere).

SinceV (I) ∩ Rm is the set of common zeros of finitely many polynomials, it is a closed set in the

usual Euclidean topology inRm, whereI be an ideal ofR[X1, X2, · · · , Xm]. More generally for any field

k, there exists a topology onkm, where the subsets of the formV (I) are closed. This topology is called

the Zariski topology onkm.

In topology Tietze extension theorem ([6], Theorem 3.2, page 212) says that “Any continuous map of

a closed subset of a normal topological spaceT into the realsR may be extended to a continuous map

of T into R”. As an algebraic analogue “any polynomial function onV (I) ∩ Rm is the restriction of a

polynomial function onRm”.

Remark2.1 : (1) Let A = R[X1, X2, · · · , Xm], T = Spec(A) and V (0) = Rm. Let ~a =

(a1, a2, · · · , an) ∈ An. Then we have a continuous mapF~a : Rm −→ Rn defined asF~a(x1, x2, · · · , xm) =

(a1(x1, x2, · · · , xm), · · · , an(x1, x2, · · · , xm)), for every (x1, x2, · · · , xm) ∈ Rm. Similarly if A =

R[X1, X2, · · · , Xm]/I, T = Spec(A) andVI(R) = V (I) ∩ Rm, whereI is an ideal of a real alge-

braic variety inR[X1, X2, · · · , Xm]. Then for~a = (a1, a2, · · · , an) ∈ An, we have a continuous map

F~a : VI(R) −→ Rn defined asF~a(x1, x2, · · · , xm) = (a1(x1, x2, · · · , xm), · · · , an(x1, x2, · · · , xm)),

for every(x1, x2, · · · , xm) ∈ VI(R). The Hilbert Nullstellensatz says that if “A = k[X1, X2, · · · , Xm],

wherek is algebraically closed field anda1, a2, · · · , an ∈ A, then a1, a2, · · · , an have a common

zero in km if and only if the ideal〈a1, a2, · · · , an〉 6= A”. Similar to the Hilbert Nullstellensatz if

A = R[X1, X2, · · · , Xm]/I and~a = (a1, a2, · · · , an) ∈ An is unimodulari.e.
∑n

i=1 aibi = 1 for

some(b1, b2, · · · , bn) ∈ An, thena1, a2, · · · , an do not simultaneously vanish at any point ofVI(R). So

we have a mapF~a : VI(R) −→ Rn − {0, · · · , 0}.

(2) Now define a mapg : Rn − {(0, 0, · · · , 0)} −→ Sn−1 asg(x) =
x

||x|| for everyx ∈ Rn −
{(0, 0, · · · , 0)}, where||x|| denotes norm ofx. Thus we have a mapG~a = g ◦ F~a : VI(R) −→ Sn−1(⊂
Rn − {(0, 0, · · · , 0)}). This shows that for any unimodular row~a = (a1, a2, · · · , an) overA, we have

two continuous mapsF~a andG~a.

Claim : F~a andG~a are homotopic.

Since identity mapId on Rn − {(0, 0, · · · , 0)} is homotopic tog (straight line homotopy) andF~a is
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homotopic to itself, mapId ◦ F~a = F~a : VI(R) −→ Rn − {(0, 0, · · · , 0)} is homotopic toG~a = g ◦ F~a :

VI(R) −→ Sn−1. This proves the claim.

(3) Let A[X] = (R[X1, X2, · · · , Xm]/I)[X], whereI is an ideal of a real algebraic variety in

R[X1, X2, · · · , Xm]. Then any elementa ∈ I vanishes on(x1, x2, · · · , xm, x) for any x ∈ R and

(x1, x2, · · · , xm) ∈ VI(R). This shows that the real points of the variety corresponding toA[X] is

VI(R)×R, whereVI(R) is the set of real points of the variety corresponding toA. Therefore any unimod-

ular row(a1(X), a2(X), · · · , an(X)) ∈ A[X]n gives two mapsF~a[X] : VI(R)×R −→ Rn−{0, · · · , 0}
andG~a[X] : VI(R)× R −→ Sn−1.

Throughout this chapter for any unimodular row~a = (a1, a2, · · · , an), F~a andG~a denote maps from

VI(R) −→ Rn − {(0, 0, · · · , 0)} and fromVI(R) −→ Sn−1, respectively. Similarly for any unimodular

row ~a[X] = (a1(X), a2(X), · · · , an(X)), F~a[X] andG~a[X] denote maps fromVI(R) × R −→ Rn −
{(0, 0, · · · , 0)} and fromVI(R)× R −→ Sn−1, respectively.

Proposition2.10 — Let~a = (a1, a2, · · · , an) and~b = (b1, b2, · · · , bn) be two unimodular rows

overA = R[X1, X2, · · · , Xm]/I such that(a1, a2, · · · , an)
En(A)∼ (b1, b2, · · · , bn), whereI is an ideal

of a real algebraic variety inR[X1, X2, · · · , Xm]. Then the corresponding mappingsF~a : VI(R) −→
Rn − {(0, 0, · · · , 0)} andF~b

: VI(R) −→ Rn − {(0, 0, · · · , 0)} are homotopic.

PROOF : Since~a
En(A)∼ ~b, there existsσ =

∏r
i=1 Eij(λ) ∈ En(A) such that~aσ = ~b. Take

σ(X) =
∏r

i=1 Eij(λX) ∈ En(A[X]), so we haveσ(0) = In andσ(1) = σ. Thus~aσ(0) = ~aIn = ~a and

~aσ(1) = ~aσ = ~b. From Proposition 1.3,(a1, a2, · · · , an)σ(X) is a unimodular row overA[X], from Re-

mark 2.1 (3), we have mapF~a[X] : VI(R)×R −→ Rn−{(0, 0, · · · , 0)} such thatF~a[0] = F~a andF~a[1] =

F~b
. Thus the mapsF~a : VI(R) −→ Rn − {(0, 0, · · · , 0)} andF~b

: VI(R) −→ Rn − {(0, 0, · · · , 0)} are

homotopic viaF~a[X]. 2

Note: From Remark 2.1 (2), mapsF~a andG~a are homotopic and from Proposition 2.10, mapsF~a and

F~b
are homotopic. HenceG~a andG~b

are also homotopic (i.e. G~a
homo∼ F~a

homo∼ F~b

homo∼ G~b
=⇒ G~a

homo∼
G~b

).

3. TOPOLOGICAL ANALOGUE OF SOME RESULTS ONUNIMODULAR ROWS

Now we will give underlying topological idea of some results on unimodular rows, which shows that how

one can think of the following results from topological point of view.

Lemma3.1 — Let~a = (a1, a2, · · · , an) ∈ Umn(A) with a1 being a unit ofA. Then(a1, a2, · · · , an)
En(A)∼ (1, 0, · · · , 0).
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Underlying topological idea: SupposeA = R[X1, X2, · · · , Xm]/I andVI(R) = V (I) ∩ Rm. Since

(a1, a2, · · · , an) ∈ An is a unimodular row overA, we have a mapG~a : VI(R) −→ Sn−1. Sincea1 is a

unit, a1b1 = 1 for someb1 ∈ A i.e. a1 does not vanish at any point ofVI(R). Therefore for any element

of ~p = (0, x2, · · · , xn) ∈ Sn−1, there does not exist an element~x ∈ VI(R) such thatG~a(~x) = ~p. In

other wordsG~a is not surjective. So Im(G~a) ⊂ Sn−1 − {~p}. SinceSn−1 − {~p} is contractible, mapG~a

is homotopic to a constant map.

Lemma3.2 — Let~a = (a1, a2, · · · , an) ∈ An be a unimodular row. Suppose(a1, a2, · · · , ai), for any

i < n, is unimodular. Then(a1, a2, · · · , an)
En(A)∼ (1, 0, · · · , 0).

Underlying topological idea: SupposeA = R[X1, X2, · · · , Xm]/I and VI(R) = V (I) ∩ Rm.

Since(a1, a2, · · · , an) ∈ An is a unimodular row overA, we have a mapG~a : VI(R) −→ Sn−1.

Since(a1, a2, · · · , ai) is a unimodular,a1, a2, · · · , ai do not vanish simultaneously at any point ofVI(R).

Therefore for any element~q ∈ Sn−1, whose firstith coordinates are zero, there does not exist an element

~x ∈ VI(R) such thatG~a(~x) = ~q. Now proof is similar to the proof of Lemma 3.1.

The inclusion map fromS1 toR2 − {0} is not homotopic to a constant map. As an algebraic conse-

quence we have the following :

Example3.3 : The unimodular row~a = (x1, x2) ∈ A2, wherex1, x2 are the images ofX1, X2 in

A =
R[X1, X2]

(X2
1 + X2

2 − 1)
respectively, satisfies the property that(x1, x2) can not be transformed to(1, 0) via

an element ofE2(A) i.e. there does not exist a matrixσ ∈ E2(A) such that(x1, x2)σ = (1, 0).

PROOF : Assume contrary. Since(x1, x2) ∈ Um2(A) andV(X2
1+X2

2−1)(R) = V ((X2
1 + X2

2 − 1)) ∩
R2 = S1, we have a mapF~a : S1 −→ R2−{0}which is a inclusion map. Suppose there existsσ ∈ E2(A)

such that(x1, x2)σ = (1, 0). Then it follows(x1, x2)σ(X) ∈ Um2(A[X]) (Proposition 1.3). So we have

a mapF~a[X] : S1 × R −→ R2 − {0} such thatF~a[0] = F~a andF~a[1] = constant map. This shows that

inclusion mapF~a is homotopic to a constant map, which is not possible. Hence our assumption is not

true. 2

Theorem3.4 ([1], Theorem 9.3) —Let A be a Noetherian ring of dimensiond. Let (a1, a2, · · · ,
an) ∈ An be a unimodular row withn ≥ d + 2. Then(a1, a2, · · · , an)

En(A)∼ (1, 0, · · · , 0).

Underlying topological idea: Let A be the coordinate ring of a real algebraic variety of dimension

d. Then the dimension ofVI(R) ≤ d. Since(a1, a2, · · · , an) is unimodular, we have a continuous map

G~a : VI(R) −→ Sn−1. Assume thatVI(R) is a simplicial complex. By simplicial approximation there

exists a simplicial mapψ : VI(R) −→ Sn−1 such thatψ andG~a are homotopic via straight line homotopy.

Sincen ≥ d + 2, n − 1 ≥ d + 1. Thereforeψ is not surjective (because simplicial map can not raise
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dimension)i.e. Im(ψ) ⊂ Sn−1−{~p}. SinceSn−1−{~p} is contractible, mapψ is homotopic to a constant

map. HenceG~a is also homotopic to a constant map.

Theorem3.5 [5] — Let A be a Noetherian ring of dimensiond. Let (a1(X), a2(X), · · · , an(X)) ∈
A[X]n be a unimodular row withn ≥ d + 2. Then

(a1(X), a2(X), · · · , an(X))
En(A[X])∼ (1, 0, · · · , 0).

Underlying topological idea: Let A be the co-ordinate ring of a real algebraic variety of dimension

d. Then the dimension ofVI(R) ≤ d. Assume thatVI(R) is a simplicial complex. Forn ≥ d + 3,

theorem follows from Theorem 3.4. Since(a1(X), a2(X), · · · , an(X)) ∈ A[X]n is unimodular, we have

a continuous mapG~a[X] : VI(R)× R −→ Sn−1. Consider inclusion mapi : VI(R) −→ VI(R)× R and

projectionp : VI(R)×R −→ VI(R). Thenp ◦ i = IdVI(R) which is obviously homotopic to identity map

on VI(R). On the other hand mapH(x, t) = t(i ◦ p)(x) + (1 − t)IdVI(R)×R gives a homotopy between

i ◦ p andIdVI(R)×R.

This shows that spacesVI(R) andVI(R)× R are homotopically equivalent. Also from Theorem 3.4,

any map fromVI(R) −→ Sn−1 is homotopic to a constant map. Therefore from Theorem 2.5,G~a[X] is

also homotopic to a constant map.

Theorem3.6 — Let A be a Noetherian ring of dimension≤ r andJ be an ideal ofA. Let (a1, a2,

· · · , ar+1) ∈ (A/J)r+1 be a unimodular row. Then there existc1, c2, · · · , cr+1 such thatci = ai and

(c1, c2, · · · , cr+1) is unimodular overA.

Underlying topological idea: SupposeA = R[X1, X2, · · · , Xm]/I and VI(R) = V (I) ∩ Rm.

Assume thatVI(R) is a simplicial complex. TakeVJ(R) = V (J)∩Rm. ThenVJ(R) is a closed subspace

of VI(R). Since(a1, a2, · · · , ar+1) ∈ (A/J)r+1 is a unimodular row, we have a continuous mapG~a :

VJ(R) −→ Sr. By Theorem 2.6,G~a can be extended toG′
~a : VI(R) −→ Sr such thatG′

~a|VJ (R)
= G~a.

Now we will give motivation about algebraic proof of Theorem 3.6 by topological proof of Theorem

2.6.

Consider Spec(A) as a simplicial complex with vertices as minimal prime ideals ofA, edges as height

one prime ideals ofA and triangles as height2 prime ideals etc. We say that an elementa ∈ A vanishes

on an edge corresponding top if a ∈ p. Also assumeJ = 〈ar+2〉.

NowK = {p ∈ Spec(A) | ar+2 ∈ p} is a sub-complex of Spec(A) and we have a row(a1, a2, · · · , ar+1)

which does not vanish onK.

Now we choose vertices of Spec(A) which do not belong toK i.e. choose minimal prime ideals
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p1, p2, · · · , ps of A such thatar+2 /∈ pi, 1 ≤ i ≤ s. Thus〈a1, ar+2〉 /∈ pi, 1 ≤ i ≤ s. Therefore there

existsλ1 ∈ A such thata′1 = a1 + λ1ar+2 /∈ ∪s
i=1pi. Hence we have a row(a′1, a2, · · · , ar+1) which

does not vanish onK ′, whereK ′ = K ∪ (∪s
i=1pi).

Now we choose edges of Spec(A) which do not belong toK ′ i.e. choose prime idealsq1, q2, · · · , ql

containinga′1 butar+2 /∈ qi. If no such prime ideal with the above property exists, then(a′1, a2, · · · , ar+1)

does not vanish on Spec(A). So we are done. Otherwise, sincear+2 /∈ qi, 〈a2, ar+2〉 * qi, 1 ≤ i ≤ l ⇒
〈a2, ar+2〉 * ∪l

i=1qi. So there existsλ2 such thata′2 = a2 + λ2ar+2 /∈ ∪l
i=1qi. Hence we have a row

(a′1, a
′
2, · · · , ar+1) which does not vanish onK ′′, whereK ′′ = K ′∪(∪l

i=1qi). Continuing same procedure

we get the result.

Theorem3.7 — Let A be a Noetherian ring of dimensionn and J be an ideal ofA. Suppose

(a1, a2, · · · , an) ∈ (A/J)n is a unimodular row. Then there existb1, b2, · · · , bn ∈ A such thatbi = ai,

for all i and ideal〈b1, b2, · · · , bn〉 has heightn.

Underlying topological idea: SupposeA = R[X1, X2, · · · , Xm]/I and VI(R) = V (I) ∩ Rm.

Assume thatVI(R) is a simplicial complex. TakeVJ(R) = V (J)∩Rm. ThenVJ(R) is a closed subspace

of VJ(R). Since(a1, a2, · · · , ar+1) ∈ (A/J)r+1 is a unimodular row, we have a continuous mapG~a :

VJ(R) −→ Sr. By Theorem 2.7,G~a can be extended to a continuous mapG′
~a : VI(R) −→ Sr such that

G′
~a|VJ (R)

= G~a.

Lemma3.8 — The canonical homomorphism of groups fromEn(A) to En(A/I) is surjective.

The lemma follows from the fact that generatorsEij(λ) of En(A/I) canbe lifted to generatorsEij(λ)

of En(A).

We show by an example that the canonical homomorphism fromSLn(A) to SLn(A/I) need not be

surjective.

Example3.9 : LetB = R[X, Y ], A = R[X, Y ]/(X2+Y 2−1). Then the unimodular row(x, y) ∈ A2

can not be lifted to a unimodular row overB2.

PROOF : Let α =

(
x y

−y x

)
∈ SL2(A).

Claim : There does not existβ ∈ SL2(B) such thatβ = α.

Sinceα ∈ SL2(A), we have a mapφ : S1 −→ SL2(R) defined by

φ(x1, x2) = α(x1, x2) =

(
x(x1, x2) y(x1, x2)

−y(x1, x2) x(x1, x2)

)
=

(
x1 x2

−x2 x1

)
.
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Let

β =

(
f1(X,Y ) f2(X,Y )

−f3(X,Y ) f4(X,Y )

)
∈ SL2(B)

be a lift ofα. Therefore we have a mapΦ : R2 −→ SL2(R) defined by

Φ(x1, x2) = β(x1, x2) =

(
f1(x1, x2) f2(x1, x2)

−f3(x1, x2) f4(x1, x2)

)

which is clearly an extension ofφ. In particular considering the first row ofα & β we see that inclusion

map fromS1 −→ R2 − {0} extends toR2 −→ R2 − {0} which is not possible. Hence claim is proved.

Thus the unimodular row(x, y) ∈ A2 can not be lifted to a unimodular row overB2.

Note: From Example 3.9, it is clear that

(
x y

−y x

)
does not belong toE2(A) otherwise it could

be lifted to a matrix inE2(B) ⊂ SL2(B) i.e. the unimodular row(x, y) ∈ A2 is not elementary

completable. 2

The general from of the Lemma 3.8 is the following fact-

Theorem3.10 — Let ~a = (a1, a2, · · · , an) ∈ An be a unimodular row. SupposeJ is an ideal

of A and (a1, a2, · · · , an)
En(A)∼ (b1, b2, · · · , bn), where bar denotes reduction moduloJ . Then there

exists(c1, c2, · · · , cn) ∈ An such that(a1, a2, · · · , an)
En(A)∼ (c1, c2, · · · , cn) and (c1, c2, · · · , cn) =

(b1, b2, · · · , bn). In particular (b1, b2, · · · , bn) canbe lifted to a unimodular row overA.

Underlying topological idea: SupposeA = R[X1, X2, · · · , Xm]/I andVI(R) = V (I) ∩ Rm. As-

sume thatVI(R) is a separable metric space. TakeVJ(R) = V (J)∩Rm. ThenVJ(R) is a closed subspace

of VI(R). Since(a1, a2, · · · , an)
α∈En(A)∼ (b1, b2, · · · , bn), by Proposition 2.10, the corresponding con-

tinuous mapsG′
~a : VJ(R) −→ Sn−1 andG′

~b
: VJ(R) −→ Sn−1 are homotopic. That is there exists a

continuous mapF : VJ(R)× I −→ Sn−1 such thatF (x, 0) = G′
~a andF (x, 1) = G′

~b
.

Let α be the lift ofα. Take(c1, c2, · · · , cn) = (a1, a2, · · · , an)α. Thus we have an extensionG~a :

VI(R) −→ Sn−1 given by(c1, c2, · · · , cn) of G′
~a.

DefineH ′ : (VJ(R)× I) ∪ (VI(R)× {0}) −→ Sn by

H ′(x, t) =

{
F (x, t) for x ∈ VJ(R) & 0 ≤ t ≤ 1

G~a for x ∈ VI(R) & t = 0

which is obviously a continuous map. Since(VJ(R)×I)∪(VI(R)×{0}) is a closed subset ofVI(R)×I,

H ′ can be extended toH : VI(R)×I −→ Sn (Theorem 2.8). TakeG~b
= H(x, 1) : VI(R) −→ Sn. Then

G~b|VJ (R)
= G′

~b
.
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Example3.11 — LetA = R[X,Y, Z]/(X2 +Y 2 +Z2−1). Then(x, y, z) ∈ A3 is a unimodular row,

wherex, y, z are the images ofX, Y, Z in A respectively, and projective moduleP (x, y, z)∼= A3

< x, y, z >
.

Sincethe identity map fromS2 to itself is not homotopic to a constant map, we have as an algebraic

consequence that(x, y, z) is not equivalent to(1, 0, 0) via the action ofE3(A). In other words(x, y, z) is

not completable to an elementary matrix. In fact(x, y, z) is not completable to a matrix inGL3(A).

PROOF : Assume contrary that(x, y, z) is the first row of a matrix inGL3(A) i.e. (x, y, z) is a

completable unimodular row, In other wordsP ∼= A3/〈x, y, z〉 ∼= A2. Thus we have a surjective ho-

momorphismf : P −→ A. Supposee1, e2, e3 are the standard basis vectors ofA3 andf(ei) = hi for

i = 1, 2, 3, where bar denotes modulo(x, y, z). Sincef(x, y, z) = 0, we havexf(e1)+yf(e2)+zf(e3) =

0 ⇒ xh1+yh2+zh3 = 0. This implies thatXh1(X,Y, Z)+Y h2(X, Y, Z)+Zh3(X, Y, Z) is a multiple

of X2 + Y 2 + Z2 − 1.

In particular, ifx2
1 + x2

2 + x2
3 = 1, thenx1h1(x1, x2, x3) + x2h2(x1, x2, x3) + x3h3(x1, x2, x3) = 0

implies that(h1(x1, x2, x3), h2(x1, x2, x3), h3(x1, x2, x3)) is perpendicular to(x1, x2, x3). Define a con-

tinuous vector fieldΦ1 : S2 −→ R3 by Φ1(x1, x2, x3) = (h1(x1, x2, x3), h2(x1, x2, x3), h3(x1, x2, x3)).

The zeros of this vector field are those point(x1, x2, x3) ∈ S2 whereh1(x1, x2, x3), h2(x1, x2, x3),

h3(x1, x2, x3) are all zero. Sincef(ei) = hi, the ideal(h1(x, y, z), h2(x, y, z), h3(x, y, z)) = A. Hence

the corresponding vector field onS2 has no real zeros, contradicting the fact that there is no nowhere

vanishing continuous vector field onS2.

Thus(x, y, z) is not completable to a matrix inGL3(A) implies that(x, y, z) is not completable to a

matrix inE3(A).

Proposition3.12 ([4], Corollary 2.2) — Let(a, b, c) ∈ A3 be a unimodular row. Then(a2, b, c) is

completable.

To understood underlying topological idea, we first give a proof of Proposition 3.12.

Proof : Since(a, b, c) is a unimodular, there exista′, b′ & c′ such thataa′ + bb′ + cc′ = 1. Consider

the matrix

α =




0 a b c

−a 0 c′ −b′

−b −c′ 0 a′

−c b′ −a′ 0




.

Thendet(α) = (aa′ + bb′ + cc′)2 = 1. Since〈0,−a,−b,−c〉 = A, (0,−a,−b,−c) is a elementary
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completable. The matrixα1α2 is a completion of(0,−a,−b,−c), where

α1 =




1 0 0 0

a 1 0 0

b 0 1 0

c 0 0 1




and

α2 =




1 −a′ −b′ −c′

0 1 0 0

0 0 1 0

0 0 0 1




.

Takeα′ = α1α2α. Then

α′ =




1 a b c

0 a2 ab + c′ ac− b′

0 ab− c′ b2 bc + a′

0 ac + b′ bc− a′ c2




anddet(α′) = det(α). By replacinga → a, b → b, c → c, a′ → a′, b′ → b′ + ac, c′ → c′ − ab, we have

β =




1 a b c

0 a2 c′ −b′

0 2ab− c′ b2 bc + a′

0 2ac + b′ bc− a′ c2




.

Thendet(β) = aa′ + b(b′ + ac) + c(c′ − ab) = aa′ + bb′ + cc′ = 1. Again by replacinga → a, b →
−b′, c → c′, a′ → a′, b′ → −b, c′ → c, we have

σ =




1 a −b′ c′

0 a2 c b

0 −2ab′ − c b′2 −b′c′ + a′

0 2ac′ − b −b′c′ − a′ c′2




.

Thendet(σ) = aa′ + (−b′)(−b + ac′) + c′(c + ab′) = aa′ + bb′ + cc′ = 1. It is clear thatdet(σ) =
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det




a2 c b

−2ab′ − c b′2 −b′c′ + a′

2ac′ − b −b′c′ − a′ c′2


 = 1. Hence the matrix

α3 =




a2 b c

−2ac′ − b c′2 −b′c′ + a′

2ab′ − c −b′c′ − a′ b′2




is a completion of(a2, b, c). 2

Underlying topological idea: Let A = R[X1, X2, · · · , Xm]/I andVI(R) = V (I) ∩ Rm. Since

(a, b, c) ∈ A3 is a unimodular row,(0,−a,−b,−c) is elementary completable.

Consider an exact sequence0 −→ SL3(R) i1−→ SL4(R) i2−→ R4 − {0} −→ 0, wherei1 sends any

matrixσ′ ∈ SL3(R) to

(
1 0

0 σ′

)
∈ SL4(R) andi2 sends any matrixσ1 ∈ SL4(R) to its first row.

Sinceα ∈ SL4(A), we have a mapφ1 : VI(R) −→ SL4(R) defined asφ1(~x) = α(~x) and for any

unimodular row of length4, we have a map fromVI(R) −→ R4 − {0}. The mapi2 ◦ φ1 : VI(R) −→
R4 − {0} is equal to the map given by unimodular row(0,−a,−b,−c) which is homotopic to constant

map (by Proposition 2.10). Alsoα3 ∈ SL3(A) gives a mapφ2 : VI(R) −→ SL3(R) such thati1 ◦ φ2

homotopic to the mapφ1 and the mapi′2 ◦ φ2 : VI(R) −→ R3 − {0} is equal to the map given by

unimodular row(a2, b, c), wherei′2 sends any matrixσ1 ∈ SL3(R) to its first row.

4. ON A LEMMA OF VASERSTEIN’ S

Throughout this sectionT is a compact Hausdorff topological space (i.e. normal space),C(T ) is the ring

of real valued continuous functions onT andv0
GLn(C(T ))∼ vt means there exists a matrixα ∈ GLn(C(T ))

such thatv0α = vt , wherev0 andvt are unimodular row inC(T ). This is an equivalence relation.

We now give a proof of a result which says that if there is no nowhere vanishing continuous vector

field onS2, thenS2 is not contractible. This proof is motivated from Simha [7].

To begin proof we need some preliminaries on reflections :

Let w (6= 0) ∈ Rn be a vector. A reflection aboutw is a linear transformationσ : Rn −→ Rn which

satisfiesσ(w) = −w, & σ(w1) = w1, wherew1 ∈ w⊥ = {w′ ∈ Rn | 〈w′, w〉 = 0}.

Let v ∈ Rn such thatv = v1 + λw, v1 ∈ w⊥. Thenσ(v) = v1 − λw. We have〈v, w〉 = 〈v1, w〉
+ λ〈w, w〉 = λ〈w, w〉, sincev1 ∈ w⊥. This implies thatλ =

〈v, w〉
〈w, w〉 . Thereforeσ(v) = v1 − λw
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= v1 + λw − 2λw = v − 2λw = v − 2
〈v, w〉
〈w,w〉w. This mapσ is denoted byσw.

If v1 andw1 are two vectors inRn and||v1|| = ||w1||, then we have a rhombus whose sides arev1, w1

and whose diagonal arev1 + w1, v1 − w1. Thusσv1−w1(v1) = v1 − 2
〈v1, v1 − w1〉

〈v1 − w1, v1 − w1〉(v1 − w1) =

v1− 2
||v1||2 − 〈v1, w1〉

||v1||2 − 2〈v1, w1〉+ ||w1||2 (v1−w1) = v1− (v1−w1) = w1. Also we haveσv1+w1(v1) = −w1.

Remark4.1 : Any continuous map fromT −→ Rn − {0} leads to a unimodular row(a1, a2, · · · , an)

over the ring of continuous functionC(T ), whereai is the projection fromT −→ R because the element
∑

a2
i ∈ 〈a1, a2, · · · , an〉 is a continuous function onT which does not vanish at any point ofT otherwise

eachai will vanish at that point. In particular, any continuous mapT −→ Sn−1 gives rise to a unimodular

row overC(T ). Let H : T × I −→ Sn−1 be a continuous map.

Claim : For sufficiently smallt, v0
GLn(C(T ))∼ vt, wherev0 andvt are the corresponding unimodular

rows given by the mapsH(x, 0) : T −→ Sn−1 andH(x, t) : T −→ Sn−1, respectively.

PROOF : By continuity ofH and compactness ofT , it follows that there exists atθ > 0 such that

for t < tθ, v0 andvt are sufficiently close in the sense thatv0(p) andvt(p) are not antipodal for everyp

i.e. v0(p) + vt(p) 6= 0 for t < tθ and for everyp ∈ T . Then for everyp ∈ T, σv0(p)+vt(p) is a reflection

which is an element ofOn(R) and satisfiesσv0(p)+vt(P )(v0(p)) = −vt(p). Hence there existsα : T −→
On(R) sendingp to −σv0(p)+vt(p) such thatαv0 = vt. SinceOn(R) ⊂ GLn(R), σ ∈ GLn(C(T )) and

v0
GLn(C(T ))∼ vt. 2

Now we will give a proof of the fact thatS2 is not contractible.

PROOF : Assume contrary that the real two sphereS2 is contractible. Then there exists a continuous

mapH : S2 × I −→ S2, whereI = [0, 1] such that the mapH(x, 0) is a constant map given by(1, 0, 0)

andH(x, 1) is a identity map onS2 corresponding to the unimodular row(x, y, z) ∈ (C(S2))3.

Now let S = {t ∈ I | v0
GLn(C(T ))∼ vt}. By the compactness and connectedness ofI, it is easy to

see thatS = I i.e. v0
GLn(C(T ))∼ v1. Hence from the claim it is clear that(1, 0, 0)

GL3(C(S2))∼ (x, y, z) i.e.

(x, y, z) is completable which is not possible. HenceS2 is not contractible. 2

In Section 2, we have seen that ifA is the co-ordinate ring of a real algebraic variety and~a ∈ An

is unimodular, then~a gives rise to a continuous functionF~a : VI(R) −→ Rn − {0}. Also if ~b ∈ An is

unimodular and~a
En(A)∼ ~b, then the corresponding mapsF~a, F~b

: VI(R) −→ Rn − {0} are homotopic.

We shall now investigate the extent to which the converse is valid. Simha’s proof [7] shows that ifT

is a compact topological space andG~a, G~b
: VI(R) −→ Sn−1 are continuous maps which are homotopic,
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then the corresponding unimodular rows~a &~b satisfy~a
GLn(C(T ))∼ ~b. To investigate the converse, we need

a lemma of Vaserstein :

Lemma4.1 ([8]) — Let A be a ring and~a = (a1, a2, · · · , an) ∈ An be a unimodular row. Let
~b = (b1, b2, · · · , bn) and~c = (c1, c2, · · · , cn) be such that

∑n
i=1 aibi =

∑n
i=1 aici = 1. Then there exists

a matrixα ∈ SLn(A) which can be connected to the identity matrix such that~b
α∼ ~c, if n ≥ 3.

Underlying topological idea: If A is the co-ordinate ring of a real algebraic variety and~a,~b,~c ∈ An

are unimodular rows satisfying the property~a~bt = ~a~ct = 1. Then we have two continuous mapsF~b
, F~c :

VI(R) −→ Rn − {0}.

Claim : F~b
& F~c are homotopic.

Since~a~bt = ~a~ct = 1, for each pointp ∈ VI(R), the vectorsF~b
(p) andF~c(p) are not in antipodal

directions (ifF~b
(p) = −F~c(p) means〈~a,~b〉 = 1 = −〈~a,~c〉 which is not true). ThereforeH = (1 −

t)F~b
+ tF~c is a continuous map fromVI(R) × I to Rn − {0}, which is a homotopy betweenF~b

& F~c.

Thus the claim is proved.

To give algebraic proof of Vaserstein’s lemma one needs to compute the determinant of matrices of

the kindIn + α, whereα is an× n matrix of rank1. Note that a generaln× n matrix of rank≤ 1 over

a field looks likexty, wherex = (x1, x2, · · · , xn) andy = (y1, y2, · · · , yn). In particular a2× 2 matrix

of rank≤ 1 over a field looks likexty =

(
x1y1 x1y2

x2y1 x2y2

)
, wherex = (x1, x2) andy = (y1, y2).

For simplicity we state and prove the lemma in the2× 2 case (the general case being similar).

Lemma4.2 —

det

(
1 + x1y1 x1y2

x2y1 1 + x2y2

)
= 1 + x1y1 + x2y2.

i.e. det(In + xty) = 1 + xyt

PROOF : Note that

det




1 + x1y1 x1y2 0

x2y1 1 + x2y2 0

0 0 1


 = det




1 + x1y1 x1y2 x1

x2y1 1 + x2y2 x2

0 0 1




= det




1 0 x1

0 1 x2

−y1 −y2 1


 = det




1 0 x1

0 1 x2

0 0 1 + x1y1 + x2y2


 = 1 + x1y1 + x2y2.
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Since

det

(
1 + x1y1 x1y2

x2y1 1 + x2y2

)
= det




1 + x1y1 x1y2 0

x2y1 1 + x2y2 0

0 0 1


 .

This completes proof of the lemma. 2

Remark4.2 : (1) The elementary matricesEij(λ) are of the formIn + α, whereα has rank1.

(2) The matrixEij(1) = In + et
iej , i 6= j. If we conjugateEij(1) by a matrixα ∈ GLn(k), k a field,

we obtain the matrixαEij(1)α−1 = In + vtw, wherevt = αet
i, w = ejα

−1. Sinceeie
t
j = 0, vwt = 0

and by Lemma 4.2, it follows that the determinant of the matrixIn + vtw is 1.

(3) Letσ : kn −→ k be a linear transformation andw ∈ kn is a non-zero vector such thatσ(w) 6= 0.

Defineσ′ : kn −→ kn by σ′(v) = v + σ(v)w. Thenσ′ is a linear transformation and its matrix is of the

form In + α, whereα has rank1. Since dimKer(σ) = n − 1, we can choose a basisx1, x2, · · · , xn−1

of Ker(σ) and thereforex1, x2, · · · , xn−1, w is a basis ofkn. Thus the determinant ofσ′ with respect

to the above basis is seen to be1 + σ(w). In particular we can compute the determinant of the reflection

transformation which sendsv to v − 2
〈v, w〉
〈w, w〉w. Note that in this caseσ(v) = −2

〈v, w〉
〈w,w〉 , in particular

σ(w) = −2. The determinant of the reflection transformation is−1.

(4) If σ(w) = 0, then we have a basisv1, v2, · · · , vn−1 with v1 = w of Ker(σ). Letvn ∈ kn butvn /∈
Ker(σ). The determinant of the matrix corresponding toσ′ with respect to the basisv1, · · · , vn−1, vn is

1. In particular, it follows as we have seen before that thedet(In + vtw) = 1, wherewvt = 0.

Now we prove Lemma 4.1 of Vaserstein.

PROOF: Suppose~a ∈ An is unimodular and~b,~c ∈ An are such that~a~bt = ~a~ct = 1. Then~a(~c−~b)t =

0. So we have a matrixα = In+(~c−~b)t~a satisfying the property thatdet(α) = 1 andα~bt = ~bt+(~c−~b)t =

~ct. Takeβ = In + (~c−~b)t~aX ∈ SLn(A[X]). Thenβ(0) = In, β(1) = α proving the lemma.

Theorem4.3 — Let H : T × I −→ Sn−1 be a continuous homotopy such thatv0 and v1 are the

corresponding unimodular rows given by mapsH(x, 0) : T −→ Sn−1 and H(x, 1) : T −→ Sn−1,

respectively. Then there exists a matrixα ∈ SLn(C(T )) such thatα can be connected to the identity and

v0
α∼ v1.

PROOF : SinceI is a compact and connected space, it suffices to prove that ifH(x, t) : T −→ Sn−1

is a continuous map for sufficiently smallt, thenv0
α∼ vt, whereα ∈ SLn(C(T )) andα can be connected

to the identity matrix.
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We choose smallt so thatv0(p) + vt(p) 6= 0 for everyp ∈ T . DefineW : T −→ Sn−1 by W (p)

=
v0(p) + vt(p)
1 + v0(p)vt(p)

. Sincev0(p) andvt(p) are not antipodal,v0(p)vt(p) 6= −1. Since any continuous map

T −→ Sn−1 gives rise to a unimodular row overC(T ), we havev0(p)W (p) =
v0(p)v0(p) + v0(p)vt(p)

1 + v0(p)vt(p)

=
1 + v0(p)vt(p)
1 + v0(p)vt(p)

= 1. Similarlyvt(p) .W (p) = 1. By Vaserstein’s Lemma, there existsα ∈ SLn(C(T ))

such thatα can be connected to the identity matrix andv0
α∼ vt. 2

Note: Consider quaternion algebra

Q = {x1 + ix2 + jx3 + kx4 | x1, x2, x3, x4 ∈ R} overR. Let q1 = x1 + ix2 + jx3 + kx4. Define

ϕ : Q −→ Q byT (q) = q1q. Thenϕ is a linear transformation. Alsoϕ(1) = x1+ix2+jx3+kx4, ϕ(i) =

ix1 − x2 − kx3 + jx4, ϕ(j) = jx1 + kx2 − x3 − ix4 andϕ(k) = kx1 − jx2 + ix3 − x4. Therefore

matrix(ϕ) =




x1 −x2 −x3 −x4

x2 x1 −x4 x3

x3 x4 x1 −x2

x4 −x3 x2 x1




.

In particular, ifq1 = ix2 + jx3 + kx4, then

matrix(ϕ) =




0 −x2 −x3 −x4

x2 0 −x4 x3

x3 x4 0 −x2

x4 −x3 x2 0




,

which is a skew symmetric matrix. Hence we have a mapφ′ : R3 −→ S′, whereS′ is the set of all4× 4

skew symmetric matrices overR defined by

φ′(x, y, z) =




0 −x −y −z

x 0 −z y

y z 0 −x

z −y x 0




.

Also we have a mapφ = φ′|S2 : S2 −→ S, whereS is the set of all4× 4 skew symmetric matrices of

determinant1 defined by

φ(x, y, z) =




0 −x −y −z

x 0 −z y

y z 0 −x

z −y x 0




.
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ConsiderA = R[X1, X2, · · · , Xn]/I, whereI is an ideal of real algebraic variety inR[X1, X2, · · · ,
Xn]. Suppose(a1, a2, a3) and(b1, b2, b3) are two unimodular rows overA such that(a1, a2, a3)

E3(A)∼
(b1, b2, b3). Then the corresponding mapsG~a : VI(R) −→ S2 andG~b

: VI(R) −→ S2 are homotopic.

Therefore mapsVI(R)
G~a−→ S2 φ−→ S andVI(R)

G~b−→ S2 φ−→ S are also homotopic.

Let A be a commutative ring with identity. Suppose~a = (a1, a2, a3) is a unimodular row, then

there exists~b = (b1, b2, b3) ∈ A3 such that〈~a,~b〉 = ~a~bt =
∑3

i=1 aibi = 1. Therefore we have a skew

symmetric matrix

V (~a,~b) =




0 a1 a2 a3

−a1 0 b3 −b2

−a2 −b3 0 b1

−a3 b2 −b1 0




.

Let S = Set of all4 × 4 skew symmetric matrices overA. Define a relation∼ on S asα1 ∼ α2 if

α2 = βtα1β for someβ ∈ E4(A). Clearly this is an equivalence relation onS. On the other hand
E3(A)∼

is an equivalence relation onUm3(A).

We define a relationΨ : Um3(A)/E3(A) −→ S/ ∼ by Ψ(~a) = V (~a,~b).

Claim : Ψ is a well defined map.

Let~a = (a1, a2, a3) and~a′ = (a′1, a
′
2, a

′
3) be such that~a′ = ~aτ , for someτ ∈ E3(A).

Suppose~a~bt =
∑3

i=1 aibi = 1. Then

V (~a,~b) =




0 a1 a2 a3

−a1 0 b3 −b2

−a2 −b3 0 b1

−a3 b2 −b1 0




.

Since~a~bt = 1, ~aττ−1~bt = 1. This implies that~a′~b′
t

= 1, where~b′ = ~b(τ−1)t. We know that

τ =
∏r

i=1 Eij(λ), whereEij(λ), i 6= j is the3× 3 matrix inSL3(A) which has1 as its diagonal entries

andλ as its(i, j)th entry. So it suffices to prove the claim when

τ =




1 λ 0

0 1 0

0 0 1


 .
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Then

τ−1 =




1 −λ 0

0 1 0

0 0 1


 .

Therefore

V (~a′, ~b′) =




0 a1 a1λ + a2 a3

−a1 0 b3 −b2

−a1λ− a2 −b3 0 b1 − λb2

−a3 b2 −b1 + λb2 0




.

Let

β =

(
1 0

0 τ t

)
.

Then

βtV (~a,~b) =




0 a1 a2 a3

−a1 0 b3 −b2

−a1λ− a2 −b3 b3λ a1 − λb2

−a3 b2 −b1 0




.

Hence

βtV (~a,~b)β =




0 a1 a1λ + a2 a3

−a1 0 b3 −b2

−a1λ− a2 −b3 0 b1 − λb2

−a3 b2 −b1 + λb2 0




= V (~a′, ~b′).

ThusΨ is well defined.
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