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The main aim of this paper is to show how commutative algebra is connected to topology. We give
underlying topological idea of some results on completable unimodular rows.
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1. INTRODUCTION

Let k& be a field andf = (z1,z2 -+ ,x,) € k™ be a non-zero vector, thehcan be completed to a basis
of k™. We wish to have an analogue of the above statement for ringsd beta ring andi € A™, @ # 0.
Then there is a natural question when @dve completed to a basis df*? Supposé = (a1, ag, - ,a,)
can be completed to a basis 4f'. Consider these basis vectors as columns of a matrixhose first
column is(ay, a9, - ,ay). The fact that these vectors spah imply that there exists a x n invertible
matrix 3 such thatv3 = I,,. Conversely if there exists an invertible mataixe M, (A) with first column
(a1,az2, -+ ,an), then(ay,as, - - ,a,) can be completed to a basis 4F.

Since any completable roe, as, - - - , a,) is unimodular, this leads to the following problem :

Supposéay, as, - - ,a,) € A™is aunimodular row. Then can one complete the fewas, - - - , a,,)
to a matrix belonging té-L,,(A)?

In general answer of this question is negative. Surprisingly this is related to topology.

! Thiswork is supported by Council of Scientific and Industrial Research grant.
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Suppose one can find a matix € GL,,(A) having first column(ay, as,--- ,a,). Theneia! =
(a1,a2,--- ,ayn), Wheree; = (1,0,---,0). The groupGL,(A) acts onA™ via matrix multiplication.
The row(ay,as, - ,ay,) can be completed to a matrix L, (A) if and only if (a1, az, -+ ,ay,) liesin
the orbit of(1,0, - - - ,0) under theG L,,(A) action (a similar statement holds f6.,,(A)).

In this paper ring means commutative ring with identity g, as,--- ,a,) ~ (b1,ba, - ,by)
meansd a € GL,(A) suchthatay,as, -+ ,an)a = (b1, b, -+ ,by).

Examplel.1: Let(xy,z2) € Z2. Then(zy, o) is unimodular if and only ifc1, 5 are relatively prime.
Ty -y
i) xr

1. We can find an explicit completion ¢4, x2) using the Euclidean Algorithm in the following manner:

In this case there exist y € Z such thate;z + xoy = 1 and the matrix( ) has determinant

Assume for simplicity that;, z2 > 0 andz; > x5. Then by division algorithnx; = z2q + r, where

1 —
g is the quotient and is the remainder. The< 0 ¢ ) ( o ) = ( " ) It follows by iterating
x2

1 xI9

o , 1
the above procedure that we can get a matriwhich is a product of matrices of the foré 0 i >

1 0 1 1
whereq, ¢’ € 7Z such thato )= . Thena™! — | ™ ) anda €
q/ 1 ) 0 0 )

SLy(Z).
This example motivates to defirig, (A).
Definition1.2 — Let A be a commutative ring with identity. Lef;;()),i # j be then x n matrix
in SL,(A) which hasl as its diagonal entries\ as (i, j)* entry and rest of entries are zero. Then the

subgroupE, (A) generated by;;(\),i # j of SL,(A) is called elementary group and its elements are
called elementary matrices.

For any Euclidean domaid, any unimodular roway, az,--- ,a,) € A™ can be completed to an
. . En A En A
elementary matrix, where > 2 i.e. (a,az2, -+ ,ay) e (1,0,---,0), where Y denotes the

induced action of,,(A) on unimodular rows.

Note thatE,,(A) C SL,(A) C GL,(A), hence&lay, as, - ,an) Pl (1,0,---,0) = (a1,az, -,
an) SLn(4) (1,0,---,0) = (a1,a2, -+ ,an) GLaf4) (1,0,---,0). SinceA = k[X] (wherek is a field) is
a Euclidean domain(a1, ag, - - , ay) En(A) (1,0,---,0) for any unimodular rowas, ag, - - - ,a,) € A™.

Proposition1.3 — Let A be a ring anday, a2, --- ,a,) € A™ be a unimodular row. Thefu; +
AXag,as, - ,a,) € A[X]" is a unimodular row over[X], for every\ € A.

PROOF: Since(ai,ag, - ,a,) € A™ is a unimodular, there existé;, ba,--- ,b,) € A™ such that
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E?:l a;b; = 1. Takecy = by, cg = by — b1 AX,c3 = b3, -+, ¢, = by, thus we have:l(al + )\XCLQ) +
>or o aic; = 1. Therefore(a; + AXag, ag, - - , ay) is a unimodular row oved[X]. O

From Proposition 1.3, we can prove that for any matrix [[\_; Ei;j(\) € E,(A), (a1,a2,--- ,an)
o(X) € A[X]" is aunimodular oveA[X], whereo(X) = [];_, Ei;(AX).

2. TopoLOGICALFACT
Lemma2.1 — LetT be a topological space. Then any continuous rhafi' — T is homotopic to itself.

Lemma2.2 ([6], Exercise 1, page 325) — L&t 77 andT> be topological spaces. Suppose maps
h,h' : T — Ty andk, k' : T\ — T, are homotopic. Theh o h andk’ o b’ are homotopic.

Lemma2.3 ([6]) — LetT,T; andT; be topological spaces. Suppdse T' — T} is a continuous
map andF' is a homotopy between magsf’ : T, — T, thenk o F' is a homotopy between the maps
ko fandko f’.

Definition2.4 — Letf : T — T’ be a continuous map. We say that f is a homotopy equivalence if
there exists a continuous mgp. 77 — T such thatf o g is homotopic to the identity mapy on 7"
andg o f is homotopic to the identity map onT". Two spaced’ and7” are said to be homotopically
equivalent or of the same homotopy type if there exists a homotopy equivalence from one to the other.

Theorem2.5 ([3]) — If two spaced’ and7” are homotopically equivalent and any continuous map
from T to S™~! is homotopic to a constant map, then any continuous map frota S”~! is homotopic
to a constant map.

Theorem2.6([3]) — LetT be a simplicial complex of dimensighr and7” be a closed subcomplex
of T. Supposef : T — S” is a continuous map, Thefi can be extended to a continuous map
f': T — S" such thatf’|T" = f.

This topological fact can be proved by induction. One chooses a vertex of the camhex does
not belong tal” and chooses an arbitrary extensionfofThen one extends linearly to the edge of”
that does not belong t6’, then to the two faces etc.

Theorem2.7([3]) — LetT be a simplicial complex of dimensianand7” be a closed subcomplex of
T. Then any continuous map: 77 — R™ — {0} can be extended to a continuous m@p 7' — R"
such thatf’~1({0}) is a finite set.

Theorem?2.8 ([9] Theorem 4.4, page 153) LetT be a separable metric space afid be a closed
subspace of". Suppose two mapsand g fromT’ — S™ are homotopic. If there exists an extension
f' T — S™of f, then there exists an extensign: T — S™ of g such thatf’ and ¢’ are homotopic.
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LetI be anideal ok[X1, Xo, - , X;,]. ThenV (1) = {(z1, x2, -+ , xm) € K™ | f(x1, 22, , Tm)
= 0, for everyf € I'}. By Hilbert basis theorem, every ideal BfX;, X», - - -, X,,,] is finitely generated,
soV (1) is the set of common zeros of finitely many polynomials.

Example2.9 : LetA = R[X;, Xo] and] = (X7 + X2 — 1) C A be anideal , thei (1) N R? = S!
(real sphere).

SinceV (I) N R™ is the set of common zeros of finitely many polynomials, it is a closed set in the
usual Euclidean topology IR, wherel be an ideal oR[ X, X5, - - - , X,,]. More generally for any field
k, there exists a topology ki, where the subsets of the forvi 1) are closed. This topology is called
the Zariski topology ork™.

In topology Tietze extension theorem ([6], Theorem 3.2, page 212) says that “Any continuous map of
a closed subset of a normal topological spacmto the realsR may be extended to a continuous map
of T into R”. As an algebraic analogue “any polynomial function d/) N R™ is the restriction of a
polynomial function oriR™”.

Remark2.1 : (1) LetA = R[X1, X2, -, Xp], T = Spec(A) andV(0) = R™. Letd =
(a1,a2, -+ ,a,) € A™. Thenwe have a continuous map : R — R™ defined adz(r1, z2, -+, Tm) =
(ar(x1,22,+ ,Tm)y -+, an(T1,22,- -+ , X)), fOr every(zy,zo, -+ ,zy) € R™. Similarly if A =
R[X1, X9, -, Xu]/I, T = Spec(A) andV;(R) = V(I) N R™, wherel is an ideal of a real alge-
braic variety inR[ X, Xo,- -, X;]. Then forad = (a1,a2, - ,a,) € A", we have a continuous map
F; : Vi(R) — R™ defined asFz(x1, 22, ,&m) = (a1(z1, 22, ,Tm), =+ s an(T1, T2, , Tm)),
for every(z1,x2, - ,zm) € V7(R). The Hilbert Nullstellensatz says that ifl‘= k[X;, Xo, -+, Xi),
where k is algebraically closed field and;, as, - - ,a, € A, thenay,as,---, a, have a common
zero ink™ if and only if the ideal(a;,as,--- ,a,) # A”. Similar to the Hilbert Nullstellensatz if
A = R[Xy,Xs,---,Xy]/I and@ = (a1,a2, -+ ,a,) € A" is unimodulari.e. > " a;b; = 1 for
some(by, by, - -+ ,b,) € A", thenay,ag, - - - , a, do not simultaneously vanish at any pointigfR). So
we have a magy : V;(R) — R" —{0,--- ,0}.

(2) Now define a mag : R" — {(0,0,---,0)} — S" ! asg(z) = ﬁ
X

{(0,0,---,0)}, where||z|| denotes norm af. Thus we have a maf; = go F; : V;(R) — S"~}(C
R™ — {(0,0,---,0)}). This shows that for any unimodular raw= (a1, as,--- ,a,) over A, we have

for everyz € R" —

two continuous maps8; andGg.
Claim: Fz andG; are homotopic.

Since identity mapld on R™ — {(0,0,---,0)} is homotopic tog (straight line homotopy) and}; is
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homotopic to itself, magd o F; = F; : Vi(R) — R™ — {(0,0,---,0)} is homotopic todGz = g o Fj :
Vi(R) — S™~L. This proves the claim.

(3) Let A[X] = (R[X1, X2, -+, Xn]/I)[X], wherel is an ideal of a real algebraic variety in
R[X1, Xo,---,X,,]. Then any element € I vanishes onzy,zs,- -+ ,zy,2) foranyz € R and
(x1,22, -+ ,xm) € Vi(R). This shows that the real points of the variety corresponding[t§] is
Vi(R) xR, whereV;(R) is the set of real points of the variety corresponding ta herefore any unimod-
ular row(a; (X),a2(X), -+ ,a,(X)) € A[X]" gives two maps;[X] : V;(R) xR — R™—{0,---,0}
andG3[X] : Vi(R) x R — Sn~ 1L,

Throughout this chapter for any unimodular rew= (a1, as, - - - ,a,), Fz andGz denote maps from
Vi(R) — R™ — {(0,0,---,0)} and fromV;(R) — S™~!, respectively. Similarly for any unimodular
row @[ X| = (a1(X),a2(X), -, an(X)), Fz[X] andGz[X] denote maps fronk;(R) x R — R™ —
{(0,0,---,0)} and fromV;(R) x R — S™~!, respectively.

Proposition2.10 — Letd = (ay, a9, - ,an) andb = (b1,ba,- -+ ,b,) be two unimodular rows
over A = R[Xy, Xo, -+, X;»]/I such that(ay,as,- - ,a,) En(A) (b1,be,- -+ ,by), wherel is an ideal
of a real algebraic variety iR[ X7, X, -+, X,,]. Then the corresponding mappings : V;(R) —
R™ —{(0,0,---,0)} andF : Vi(R) — R™ — {(0,0,---,0)} are homotopic.

PrOOF : Sinced b, there existsr = [li_, Eij(A) € E,(A) such thatic = b. Take

o(X) =[li_, Ei;(AX) € E,(A[X]), so we haver(0) = I,, ando (1) = 0. Thusdo (0) = al,, = d and
@o(1) = @o = b. From Proposition 1.3a1, as, - - - ,an)o(X) is a unimodular row oveA[X], from Re-
mark 2.1 (3), we have mafg; [ X] : V7(R) xR — R"—{(0,0, - -- ,0)} such that;[0] = F; andF;[1] =
Fy. Thus the mapsy : Vi(R) — R™ — {(0,0,---,0)} andF} : Vi(R) — R"™ — {(0,0,---,0)} are
homotopic viaFz[ X]. O
Note: From Remark 2.1 (2), mapg; andGg are homotopic and from Proposition 2.10, médjsand
F; are homotopic. Henc€; andG; are also homotopid.e. Gz home . home Fy home Gy = G; hoe
G7).
b

3. TOPOLOGICAL ANALOGUE OF SOME RESULTS ONUNIMODULAR ROWS

Now we will give underlying topological idea of some results on unimodular rows, which shows that how
one can think of the following results from topological point of view.

Lemma3.1 — Leta = (a1, a2, - ,a,) € Um,(A) with a; being a unit ofA. Then(ay, as, - ,ay)

B (1,0, 0).
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Underlying topological idea Supposed = R[ X, Xo, -+, X,,,]/I andV;(R) = V(I) nR™. Since
(a1,as, -+ ,a,) € A™ is a unimodular row over, we have a mag:; : V;(R) — S™~1. Sincea; is a
unit, a1b; = 1 for someb; € Ai.e. a; does not vanish at any point &f(R). Therefore for any element
of = (0,29, - ,m,) € S"1, there does not exist an elemehtc V;(R) such thatG;(Z) = p. In
other words(3; is not surjective. So IfGz) € S"~! — {p}. SinceS"~! — {5} is contractible, mayz
is homotopic to a constant map.

Lemma3.2 — Letd = (a1, a2, - - ,a,) € A™ be a unimodular row. Suppose, , as, - - -, a;), for any
i < m,isunimodular. Thefay, as,- - ,ay) En(A) (1,0,---,0).

Underlying topological idea Supposed = R[X1, Xo, -+, X,,]/I andVi(R) = V(I) N R™,
Since (a1, a2, -+ ,a,) € A™ is a unimodular row overd, we have a mag:; : V;(R) — S*° 1
Since(ay, ag, - -+, a;) isaunimodularg, ag, - - - , a; do not vanish simultaneously at any poinfigf{R).
Therefore for any elemegte S™—!, whose firstith coordinates are zero, there does not exist an element
Z € Vi(R) such thatG;(Z) = ¢. Now proof is similar to the proof of Lemma 3.1.

The inclusion map frons! to R? — {0} is not homotopic to a constant map. As an algebraic conse-
guence we have the following :

Example3.3 : The unimodular rowi = (x1,X2) € A2, wherexy, xy are the images ok, X, in

_ RXy, Xy
(X7 X3 1)
an element of2(A) i.e. there does not exist a matrixe E2(A) such thaix;,X2)o = (1,0).

respectrely, satisfies the property th@t;, X2) can not be transformed {a, 0) via

PROOF: Assume contrary. Sindei, x2) € Uma(A) andViy2, x2_1)(R) = V(X + X35 — 1)) N
R? = S', we have amap}; : S — R?—{0} which is ainclusion map. Suppose there exists F5(A)
such thatx;, x2)o = (1,0). Then it follows(x;, x2)o (X) € Uma(A[X]) (Proposition 1.3). So we have
amapFz[X] : S x R — R% — {0} such thatF;[0] = F; and F;[1] = constant map. This shows that
inclusion mapF; is homotopic to a constant map, which is not possible. Hence our assumption is not
true. O

Theorem3.4 ([1], Theorem 9.3) —Let A be a Noetherian ring of dimensiah Let (a;,az, -,

a,) € A™ be a unimodular row witm > d + 2. Then(aq, az, - ,a,) En() (1,0,---,0).

Underlying topological idea Let A be the coordinate ring of a real algebraic variety of dimension
d. Then the dimension df;(R) < d. Since(ay,aq,--- ,ay,) is unimodular, we have a continuous map
Gz : Vi(R) — S"~1. Assume tha¥/;(R) is a simplicial complex. By simplicial approximation there
exists a simplicial mag : V;(R) — S™~! such that) andG; are homotopic via straight line homotopy.
Sincen > d+2,n—1 > d+ 1. Thereforey is not surjective (because simplicial map can not raise
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dimension).e. Im(y) C S"~! —{p}. SinceS™"~! — {p} is contractible, mag is homotopic to a constant
map. Hence&5; is also homotopic to a constant map.

Theorem3.5[5] — Let A be a Noetherian ring of dimensiah Let (a1(X), a2(X), - ,an(X)) €
A[X]"™ be a unimodular row witlh > d + 2. Then

(a1(X),an(X), - an(X)) " (1,0, 0).

Underlying topological idea Let A be the co-ordinate ring of a real algebraic variety of dimension
d. Then the dimension of;(R) < d. Assume thal’;(R) is a simplicial complex. Fon > d + 3,
theorem follows from Theorem 3.4. Singe (X)), a2(X), -+ ,an(X)) € A[X]™is unimodular, we have
a continuous map/z[X] : V;(R) x R — S™~L. Consider inclusion map: V;(R) — V;(R) x R and
projectionp : V;(R) x R — V;(R). Thenpoi = Idy,r) Which is obviously homotopic to identity map
on Vz(IR). On the other hand mafi (x,t) = t(i o p)(x) + (1 — t)Idy,(r)xr 9ives @ homotopy between
iopandldy,r)xRr-

This shows that spacég(R) andV;(R) x R are homotopically equivalent. Also from Theorem 3.4,
any map from7(R) — S™~! is homotopic to a constant map. Therefore from Theorem@;5X] is
also homotopic to a constant map.

Theorem3.6 — Let A be a Noetherian ring of dimension » and J be an ideal ofA. Let (a7, a3,
-, @r51) € (A/J)"*! bea unimodular row. Then there exist, cz, - - - ,c,41 such that; = @; and
(c1,¢2,- -+ ,cry1) IS UNnimodular overA.

Underlying topological idea: SupposeAd = R[X1, Xy, -+, X,,]/I and Vi(R) = V(I) N R™.
Assume thal’;7(R) is a simplicial complex. Tak&;(R) = V(J)NR™. ThenV;(R) is a closed subspace
of V;(R). Since(a1,az,- - ,a,41) € (A/J)"*! is a unimodular row, we have a continuous nGp :

V;(R) — S". By Theorem 2.6(7; can be extended 6% : V;(R) — S” such thaGgL'VJ(R) = Gj.

Now we will give motivation about algebraic proof of Theorem 3.6 by topological proof of Theorem
2.6.

Consider Spec{) as a simplicial complex with vertices as minimal prime idealgd pédges as height
one prime ideals ofi and triangles as heigBtprime ideals etc. We say that an elemerg¢ A vanishes
on an edge correspondingfiof a € p. Also assume/ = (a,2).

Now K = {p € Spec(A) | ar42 € p} isasub-complex of Sped{ and we have aro\u, as, - - - ,ar11)
which does not vanish oR'.

Now we choose vertices of Spetwhich do not belong tds< i.e. choose minimal prime ideals
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p1,p2, - ,ps Of Asuchthaty, 1o ¢ p;, 1 < i <s. Thus(ai,ar4+2) ¢ pi, 1 < i < s. Therefore there
exists\; € A such thai] = a1 + A\ia,42 ¢ Uj_;p;. Hence we have a rof:}, as, - - - , ar41) which
does not vanish o&k’, whereK' = K U (U{_,p;).

Now we choose edges of Spad(which do not belong td<’ i.e. choose prime idealg;, q2,- - - , qi
containingd) buta,2 ¢ g;. If no such prime ideal with the above property exists, th8nas, - - - , a,4+1)
does not vanish on Spet). So we are done. Otherwise, since2 ¢ qi, (a2, ar+2) € qi, 1 <i<[=
(ag, ar+2) ¢ U}Zlqi. So there exista, such thate), = as + Aea, 42 ¢ Uﬁ.:lqi. Hence we have a row
(a},d, -+ ,ar-+1) which does not vanish oR”, whereK” = K'U(U._,qi). Continuing same procedure
we get the result.

Theorem 3.7 — Let A be a Noetherian ring of dimensiom and J be an ideal ofA. Suppose
(ar,az,--- ,a,) € (A/J)"™ is a unimodular row. Then there exist, bo, - - - ,b, € A such thath; = a;,
for all < and ideal(by, bo, - - - , by,) has heighta.

Underlying topological idea: Supposed = R[X1, Xy, -, X,,]/I and Vi(R) = V(I) N R™.
Assume that’;7(R) is a simplicial complex. Tak&;(R) = V(J)NR™. ThenV;(R) is a closed subspace
of V;(R). Since(ar,az, -+ ,a+1) € (A/J)" ! is a unimodular row, we have a continuous NGy :
V;(R) — S”. By Theorem 2.7(:; can be extended to a continuous nd&#p: V;(R) — S” such that

/ = =
Ga, ) = Ca:

Lemma3.8 — The canonical homomorphism of groups fréin(A) to E,,(A/I) is surjective.

The lemma follows from the fact that generatdéts()) of E,,(A/I) canbe lifted to generators;; (\)
of E,(A).

We show by an example that the canonical homomorphism #dm(A) to SL,,(A/I) need not be
surjective.

Example3.9: LetB = R[X,Y], A = R[X,Y]/(X?+Y?—1). Then the unimodular ro\x, y) € A?
can not be lifted to a unimodular row over.

y

Claim: There does not exist € SLy(B) such thai3 = a.

PROOF: Leta = ( ) € SLy(A).

Sincea € SLy(A), we have a map : S' — SL,(R) defined by

d(x1,22) = axy, x2) = ( X(21,22)  Y(21,22) > _ ( T1 X9 ) |

—Y(z1,22) X(z1,22) -T2 T
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Let
5 ( AXY)  fo(X,Y) ) € SLa(B)
—X,Y) fu(X,Y)
be a lift of . Therefore we have a map: R? — SLy(R) defined by
filzr,m2)  fo(wr, 22) )
—f3(z1,22)  fa(z1,72)

which is clearly an extension @f. In particular considering the first row of & § we see that inclusion

O(x1,70) = B(11,22) = (

map fromS! — R? — {0} extends tdR? — R? — {0} which is not possible. Hence claim is proved.
Thus the unimodular rox,y) € A2 can not be lifted to a unimodular row ove?.

- X
Note: From Example 3.9, it is clear th<t y
be lifted to a matrix inEy(B) C SLy(B) i.e. the unimodular row(x,y) € A? is not elementary

) does not belong td’»(A) otherwise it could

completable. a
The general from of the Lemma 3.8 is the following fact-

Theorem3.10— Leta = (ay,as2,--- ,a,) € A™ be a unimodular row. Supposgis an ideal

n Z 7T 7 7 .
of A and (a1,az,- - ,a,) EnA) (b1, b, -+ ,by), where bar denotes reduction modufo Then there
- n A — — —_—
exists(cy, ca, -+ ,c,) € A™ such that(ay,ag,- -, ay) EnA) (c1,¢2,-+ ,cq) @nd (e, c2, -+ , ) =

(b1,ba,--- ,by). In particular (b1, bo, - - - , b,) canbe lifted to a unimodular row oved.

Underlying topological idea Supposed = R[X, Xo, -+, X,,,]/T andV;(R) = V(I) N R™. As-
sume that’;(R) is a separable metric space. TakgR) = V(J)NR™. ThenV;(R) is a closed subspace

of Vi(R). Since(ay,az,- - ,an) *eE(4) (b1,bo,--- ,by,), by Proposition 2.10, the corresponding con-

tinuous map<., : V;(R) — S™! andG;7 : V;(R) — S™~1 are homotopic. That is there exists a
continuous magF : V;(R) x Z — 5™~ such thatF'(z,0) = GL andF(z,1) = G
Let « be the lift ofa. Take(cy,c2, - ,¢n) = (a1,a2, - ,a,)a. Thus we have an extensiary :
Vi(R) — S™~! given by(ci, ca, -+ -, ¢,) Of GL.
DefineH’ : (V;(R) x ) U (V7(R) x {0}) — S™ by
F(z,t) for ze€V;(R)&0<
Gz for ze€Vi(R) &t

which is obviously a continuous map. Sindé; (R) x Z) U (V7 (R) x {0}) is a closed subset &f; (R) x Z,
H' can be extended t : V7(R) x Z — S™ (Theorem 2.8). Také&'; = H(xz,1) : V7(R) — S". Then
G =G

H'(z,t) = {

b|V;(R)
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Example3.11 — LetA = R[X,Y, Z]/(X?+ Y2+ Z2? —1). Then(x,y, z) € A3 is a unimodular row,
3
wherex, y, z are the images ok, Y, Z in A respectively, and projective modulgx, y, z) =

<X Y, 2>
Sincethe identity map fromS? to itself is not homotopic to a constant map, we have as an algebraic
consequence that, y, ) is not equivalent td1, 0, 0) via the action off’5(A). In other wordgx,y, z) is

not completable to an elementary matrix. In facty, z) is not completable to a matrix i@ L3 (A).

PROOF : Assume contrary thatx,y, z) is the first row of a matrix inGL3(A) i.e. (x,y,z)is a
completable unimodular row, In other words = A3/(x,y,z) = A2. Thus we have a surjective ho-
momorphismf : P — A. Suppose, es, e3 are the standard basis vectors4f and f(e;) = h; for
i = 1,2, 3, where bar denotes modulw, y, z). Sincef(x,y,z) = 0, we havexf(e1)+Yf(e2) +zf(e3) =
0 = Xhi +Yha+2zhg = 0. Thisimplies thatX h, (X, Y, Z)+ Y ha(X,Y, Z)+ Zh3(X, Y, Z) is a multiple
of X2 +Y?2 4+ 22 1.

In particular, ifz? + 23 + 23 = 1, thenahy (21, 72, 23) + 22ho (21, T2, 23) + 23h3(21, 22, 73) =0
implies that(hy (x1, x2, x3), ha(1, 22, 23), hg(x1, x2, x3)) IS perpendicular t¢z, 22, x3). Define a con-
tinuous vector fieldd; : S? — R3 by & (x1, x2, 23) = (h1(z1, 22, 73), ha(z1, 22, 3), h3(w1, 22, 23)).

The zeros of this vector field are those pofat, o, z3) € S? wherehy(z1, 22, 23), ho(x1, T2, 23),
hs(x1,z2,x3) are all zero. Sinceg(e;) = h;, the ideal(h1(X,Y, 2), ha(X,Y, 2), hs(X,y,2)) = A. Hence

the corresponding vector field o8f has no real zeros, contradicting the fact that there is no nowhere
vanishing continuous vector field .

Thus(x,y, z) is not completable to a matrix i L3(A) implies that(x, y, z) is not completable to a
matrix in E5(A).

Proposition3.12 ([4], Corollary 2.2) — Le{a,b,c) € A3 be a unimodular row. The(u?,b,¢) is
completable.

To understood underlying topological idea, we first give a proof of Proposition 3.12.

Proof: Since(a, b, ¢) is a unimodular, there exist, ' & ¢’ such thata’ + b’ + ¢/ = 1. Consider
the matrix

Thendet(a) = (aa’ + bV + cc’)? = 1. Since(0, —a, —b, —c) = A, (0, —a, —b, —c) is a elementary
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completable. The matrix; s is a completion of0, —a, —b, —c), where

S

a1 =

S
o O = O
o = O O
_ o O O

and

a9 =

Takea' = ajasa. Then

a b c
a? ab+c ac—b
ab— ¢ b2 be+a’

ac+b bc—d 2

o O o =

anddet(a’) = det(a). By replacings — a,b — b,c — ¢,d’ — ', b/ — b + ac,d — ¢ — ab, we have

1 a b c

0 a? c -
0 2ab—¢ b2 be+a’
0

2ac+b bc—ad 2

Thendet(3) = aa’ + b(b' + ac) + ¢(¢ — ab) = ad’ + bV’ + ¢’ = 1. Again by replacingt — a,b —

~V,c—d,a —d, bV — —b,cd — c,we have

1 a - d
0 a? c b
O— =
0 —2ab —c b2 - +d
0 2a—-b =bcd—-ad 2

Thendet(o) = ad’ + (=0')(=b+ acd') + (c+ al’) = aa’ + bV’ + e = 1. Itis clear thatlet(o) =

481
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a? c b
det | —2ab — ¢ b2 b +d | = 1. Hence the matrix
2ac —b b —d 2
a? b c
az=\| —2ad -0 ? b +d
2ab — ¢ =V —d b2
is a completion ofa?, b, ¢). m|

Underlying topological idea Let A = R[X;, Xo, -, X,]/I andV(R) = V(I) N R™. Since
(a,b,c) € A is a unimodular row(0, —a, —b, —c) is elementary completable.

Consider an exact sequente— SL3(R) —% SLy(R) -2 R4 — {0} — 0, wherei; sends any

. 1 0
matrixo’ € SL3(R) to
0 o

> € SL4(R) andiy sends any matrix; € SL4(R) to its first row.
Sincea € SL4(A), we have a map, : Vi(R) — SL4(R) defined asp () = «(Z) and for any
unimodular row of lengtht, we have a map fronr;(R) — R* — {0}. The mapiz o ¢1 : V;(R) —
R* — {0} is equal to the map given by unimodular r¢®; —a, —b, —c) which is homotopic to constant
map (by Proposition 2.10). Alsa; € SL3(A) gives a mapps : Vi(R) — SL3(R) such thati; o ¢
homotopic to the mag; and the map} o ¢2 : V;(R) — R3 — {0} is equal to the map given by

unimodular rowm(a?, b, c), wherei}, sends any matrix; € SL3(R) to its first row.
4. ON A LEMMA OF VASERSTEIN S

Throughout this sectiofi is a compact Hausdorff topological space.(normal space);(T') is the ring

GL,(C(T))

of real valued continuous functions @randu v means there exists a mattixc GL,,(C(T))

such thatya = v, , wherevy andv, are unimodular row ir'(7"). This is an equivalence relation.

We now give a proof of a result which says that if there is no howhere vanishing continuous vector
field on S2, thenS? is not contractible. This proof is motivated from Simha [7].

To begin proof we need some preliminaries on reflections :

Letw (# 0) € R™ be a vector. A reflection about is a linear transformatios : R — R™ which
satisfiesr (w) = —w, & o(wy) = wy, wherew; € wt = {w' € R* | (w',w) = 0}.
Letv € R” such thaty = v + Aw,v; € wt. Theno(v) = v; — dw. We have(v,w) = (vi,w)

(v, w)
{(w,w

+ Mw,w) = Mw,w), sincev; € wt. This implies that\ = Therefores(v) = v — Aw

Ny
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=v+ -2 w=0v—2 \w=v—2 <<U’ w>> w. This mapo is denoted byr,,.
w, W
If v; andw, are two vectors ilR™ and||v; || = ||w1]|, then we have a rhombus whose sidesiarev;

<U1,U1 —w1>
<U1 — W,V — W1

and whose diagonal arg + wi,v; — wi. Thusoy,, —q, (v1) = v; — 2 >(vl —wy) =

[o1]]* = (v1, wr)
[[o1]]2 — 2(v1, w1) + [|wi|[?

v —2 (v —wy) =v; — (v1 —wy) = wy. Also we haver,, 1, (v1) = —wy.
Remark4.1 : Any continuous map fro — R”™ — {0} leads to a unimodular rofay, as, - - -, a,)
over the ring of continuous functio@i(7"), whereq; is the projection froni” — R because the element
S a? € (a1,as,- - ,ay,) is a continuous function off which does not vanish at any pointBfotherwise
eacha; will vanish at that point. In particular, any continuous nfap— S™~! gives rise to a unimodular

row overC(T). LetH : T x T — S™~! be a continuous map.

. . GL,(C(T . .
Claim : For sufficiently smalk, vg @ v¢, Wherevy andwv; are the corresponding unimodular

rows given by the map# (z,0) : T — S" ' andH (z,t) : T — S™~!, respectively.

PROOF: By continuity of H and compactness df, it follows that there exists & > 0 such that
for t < tg, vo andwv, are sufficiently close in the sense thatp) andv;(p) are not antipodal for every
i.e. vo(p) + vi(p) # 0 fort < tg and for everyp € T. Then for everyp € T', 7, (p)+v, (p) IS @ reflection
which is an element o, (R) and satisfies )., (p)(vo(p)) = —vi(p). Hence there exists : T —
On(R) sendingp t0 —0 ()4, (p) SUCh thatavy = vi. SinceO,(R) C GLn(R),0 € GL,(C(T)) and

GL,(C(T
g €@ Vt. O

Now we will give a proof of the fact tha$? is not contractible.

PROOF: Assume contrary that the real two sphéfeis contractible. Then there exists a continuous
mapH : 5% x T — S?, whereZ = [0, 1] such that the magl (=, 0) is a constant map given k. 0, 0)
andH (z, 1) is a identity map orb? corresponding to the unimodular rqw, y,z) € (C(S5?))3.

Now letS = {t € Z | v GLn(C) vt }. By the compactness and connectedness, dff is easy to
GLy(C(T)) GL3(C(5?)) .

~ ~ (X,y,z)i.e.

(x,y, ) is completable which is not possible. Herg®is not contractible. a

seethatS = 7T i.e. vy v1. Hence from the claim it is clear thét, 0, 0)

In Section 2, we have seen thatAfis the co-ordinate ring of a real algebraic variety ahd A"
is unimodular, ther gives rise to a continuous functid; : V;(R) — R"™ — {0}. Also if b € A™ is

unimodular andi En(4) b, then the corresponding mapg, £ : Vi(R) — R™ — {0} are homotopic.

We shall now investigate the extent to which the converse is valid. Simha'’s proof [7] showsZhat if
is a compact topological space afig, G; : Vi(R) — S™=1 are continuous maps which are homotopic,
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. . - GLn(C(T)) » . .
then the corresponding unimodular ro#& b satisfya ©can b. To investigate the converse, we need

a lemma of Vaserstein :

Lemma4.1 ([8]) — Let A be a ring andi = (a1,az,---,a,) € A™ be a unimodular row. Let
b= (b1,ba, -+ ,by)@andé = (c1,c2,- -+ ,cn) besuchthap " | a;b; = " | aic; = 1. Then there exists
a matrixa € SL,(A) which can be connected to the identity matrix such thatz, if n > 3.

Underlying topological idea If A is the co-ordinate ring of a real algebraic variety af’méi, ce A"
are unimodular rows satisfying the prope&ﬁf = acé® = 1. Then we have two continuous mapsg F :
Vi(R) — R™ —{0}.

Claim: F}; & F are homotopic.

Sincedb! = ac = 1, for each pointp € V;(R), the vectorsFy(p) and Fz(p) are not in antipodal
directions (if F;(p) = —Fz(p) means(a, b) = 1 = —(a@,& which is not true). Thereforél = (1 —
t)Fy + tFzis a continuous map from;(R) x Z to R™ — {0}, which is a homotopy betweefi: & F.

Thus the claim is proved.

To give algebraic proof of Vaserstein’s lemma one needs to compute the determinant of matrices of
the kindI,, + «, wherea is an x n matrix of rankl. Note that a general x n matrix of rank< 1 over
a field looks likez'y, wherex = (x1, 29, -+ ,z,) andy = (y1,y2,- -+ ,yn). In particular & x 2 matrix
T1Yr T1Y2

of rank < 1 over a field looks liker'y =
T2Y1 T2Y2

),wherex = (331,952) andy = (3/17y2)-

For simplicity we state and prove the lemma in the 2 case (the general case being similar).

Lemma4.2 —

1+=x T
det < 191 1Y2

=1+ 2191 + 2200.
Toy1 1+ zayo

i.e.det(I, + zty) =1+ xyt

PrROOF: Note that

I+zi;n zy2 O l+ziyn zy2 =
det Toy1 1+x0ys 0 | =det Toy1 14+ 22y2 22
0 0 1 0 0 1
1 0 a1 10 Tl
= det 0 1 9 | =det| 0 1 T2 =1+ zy1 + z2y2.
- —y2 1 0 0 1+ziy1 +22y2
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Since
|+ 1+z1y1 12 O
z T1Y2
det < L ) Y ) = det Toy1 1+xzoys O
x +x
21 2Y2 0 0 1
This completes proof of the lemma. a

Remark4.2 : (1) The elementary matricé$; (\) are of the form/,, + o, wherea has rankl.

(2) The matrixE;;(1) = I,, + elej, i # j. If we conjugatel;;(1) by a matrixa € GL,(k), k a field,
we obtain the matrixE;;(1)a~! = I,, + v'w, wherev! = ael,w = eja™l. Sinceeieﬁ. =0,vw! =0
and by Lemma 4.2, it follows that the determinant of the malgix- v'w is 1.

(3) Leto : k™ — k be a linear transformation and € k" is a non-zero vector such thatw) # 0.

Defineo’ : k™ — k™ by o’(v) = v + o(v)w. Theno' is a linear transformation and its matrix is of the

form I,, + a, wherea has rankl. Since dimKer(o) = n — 1, we can choose a basis, z2, -+, Tn—1
of Ker(o) and thereforery, zo, - -+ ,z,—1,w is a basis ok™. Thus the determinant ef’ with respect
to the above basis is seen to be- o(w). In particular we can compute the determinant of the reflection
transformation which sendsto v — 2 (v, w) w. Note that in this case(v) = —2 (v, w) , in particular
(w, w) (w, w)

o(w) = —2. The determinant of the reflection transformation-is

(4) If o(w) = 0, then we have a basig, v, - - - , v,—1 With v; = w of Ker(o). Letv,, € k™ butv,, ¢
Ker(o). The determinant of the matrix correspondingrtawith respect to the basis, - - - , v,,—1,v, is

1. In particular, it follows as we have seen before thatdbeI,, + vlw) = 1, wherewv! = 0.

Now we prove Lemma 4.1 of Vaserstein.

PROOF: Supposé € A" is unimodular and, @ € A™ are such thaib! = aé = 1. Thend(¢—b)! =
e

b
0. So we have a matrix = I, +(¢—b)'a satisfying the property thalet(a) = 1 andab! = bt +(Z—b)
&. Takef = I,, + (¢ — b)'@X € SL,(A[X]). Thens(0) = I,,, (1) = a proving the lemma.

Theorem4.3— LetH : T x T — S™! be a continuous homotopy such thgtand v, are the
corresponding unimodular rows given by mafz,0) : T — S* ! and H(z,1) : T — S"1,
respectively. Then there exists a mattix SL,,(C(7T)) such thainx can be connected to the identity and

«
Vo ~ V1.

PROOF: SinceZ is a compact and connected space, it suffices to prove thetift) : 7 — ™!
is a continuous map for sufficiently smaltthenvy ~ v;, wherea € SL,,(C(T)) anda can be connected
to the identity matrix.
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We choose small so thatvg(p) + v:(p) # 0 for everyp € T. DefineW : T — S*~1 by W(p)
_ wo(p) +u(p)
1+ vo(p)ve(p)

T — S"~1 gives rise to a unimodular row ovéer(T), we havevy (p)W (p) =

_ 14 v(p)ue(p)

1+ vo(p)ur(p)
such thatv can be connected to the identity matrix apd< v;. O

. Sincevy(p) andwv:(p) are not antipodak)y(p)v:(p) # —1. Since any continuous map

vo(p)vo(p) + vo(p)vi(p)
14 vo(p)ve(p)

= 1. Similarlyv:(p) .W (p) = 1. By Vaserstein’s Lemma, there existss SL,,(C(T))

Note: Consider quaternion algebra
Q = {x1 + izo + jas + kxy | z1,29, 23,24 € R} overR. Letqy = z1 + izg + jas + kxy. Define
v:Q — QbyT(q) = qiq. Thenyis alinear transformation. Alsp(1) = z1+ixe+jrs+kxs, p(i) =
i1 — xo — kxs + jra, ¢(j) = jr1 + kxe — x5 —ixg andp(k) = kxy — jzo + izg — x4. Therefore

r1 —T2 —T3 —T4

. T2 X1  —T4 T3

matriz(p) =
T3 X4 Ty  —X2

Ty —T3 T2 T

In particular, ifq; = izs + jxs + ka4, then

0 —xo —x3 —24
i T2 0 —XT4 T3
matriz(p) = ,
T3 X4 0 —X2
r4 —XI3 X9 0

which is a skew symmetric matrix. Hence we have a mapR? — S’, whereS’ is the set of allk x 4
skew symmetric matrices ov& defined by

0 —x —y —z
z 0 -z
¢'(z,y,2) = ’
Yy oz 0 —=z
z -y 0

Also we have a map = ¢"SQ : 82 — S, whereS is the set of allt x 4 skew symmetric matrices of
determinantl defined by

P(x,y,z) =

I\
[
<
8
o
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ConsiderdA = R[X1, Xo,- -+, X,,]/I, where! is an ideal of real algebraic variety B[ X, Xo, - - -,

X,]. Suppos€a,as,as) and(by, by, by) are two unimodular rows ovet such that(a;, as, as) Byl

(b1,b2,b3). Then the corresponding mags; : V;(R) — S? andG; : Vi(R) — S? are homotopic.
) G
Therefore map#¥;(R) Ga, g2 2, g andV;(R) —% §2 %, S are also homotopic.
Let A be a commutative ring with identity. Suppo8e= (a1, a9, a3) is a unimodular row, then
there existd = (b1, by, b3) € A® such that(@, b) = ab' = S>> | a;b; = 1. Therefore we have a skew

symmetric matrix

—ai 0 b3 —b2

Let S = Set of all4 x 4 skew symmetric matrices ovet. Define a relation~ on S asa; ~ s if
as = [tay 3 for somed € E4(A). Clearly this is an equivalence relation St On the other hangsr&A)
is an equivalence relation dims(A).

We define a relatio : Ums(A)/E3(A) — S/ ~ by (@) = V (@, b).

Claim: ¥ is a well defined map.

Letd@ = (ay, ag, a3) anda’ = (d!, aly, a}) be such that/ = ar, for somer € E3(A).

Supposeib! = 3% | a;b; = 1. Then

—ai 0 b5 —b2

Sincedh! = 1, @rr—'0' = 1. This implies tha/d’ = 1, wherel/ = b(r~!)". We know that
7 =1[,_; Eij(N\), whereE;;(\),i # j is the3 x 3 matrix in SL3(A) which hasl as its diagonal entries
and)\ as its(4, 7)** entry. So it suffices to prove the claim when

A0
10
0 1

\]
Il
o O =
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Then
1 =X 0
Tl = 1
0 1
Therefore
0 a1 a1A+ao as
= — 0 b —b
V(d, i) = “ i 2
*CLl)\ — as *bg 0 bl - )\bQ
—as by —b1 4+ Absy 0
Let
1 0
ﬁ - ( t > '
0 7
Then
0 ai as as
- — 0 b —b
BV (@,5) = - o
—al)\ — a9 —b3 b3)\ ap — )\bg
—as bQ —bl 0
Hence
0 a1 aiA+as as
- — 0 b —b N
BV (@,b)5 = “ 3 2| = v, ih).
—al)\ — ag —b3 0 bl - )\bg
—as by  —b1 + Abs 0
ThusV is well defined.
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