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For n > 2, let P (n) denote the largest prime divisor of an integer. In this
paper, we develop an elementary method for estimating the sum z

2<n<x
f(n) P (n) where f(n) is a multiplicative arithmetical function.

1. INTRODUCTION

Let P (n) denote the largest prime divisor of an integer n > 2. Various sums
involving P (n) have been studied by many, authors!-57810"1%5  Ip this paper, we

discuss sums of theform X f(n) P (n) where f (n) is a multiplicative function. Our
2<nsx

methods are elementary and can also be used to estimate sums of the form I f(n)

2<n<x
g (n) where f (1) is multiplicative and g (n) is additive. Through analytic methods are

available for estimating the latter sums®4?3'14 it appears that elementary methods are
best suited for the sums discussed in this paper.

2. PRELIMINARIES

Let p (n) denote the Mobius function ¢ (n) be the Euler totient function, s (n) be
the sum of all the positive divisors of #, o (n) be the number of distinct prime factors
of n and for k > 1, di (n) be the Piltz divisor function defined to be the number of
ordered k-tuples (x,, xs, ..., X;) of positive integers such that x,, x,, x; = n. Also let
B(n) = }f. pand B(n) = I xp where, as usual, P denotes a prime number

pin

x

b lin
and p*lin means that p*in and p**' In. Further for any function g defined at primes,
let the function G be defined by G (I) = 0 and for n > |

G = 2 g(n).
i 2.1

In the sequel, ¥’ means X

p .
n<x 2<n<x
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Lemma 2.1—As x — oo, we have

z' P(n) = z B (n) +0[i£\i] 22

n<x n<x
and
ZBn= I B(@m + O (xloglogx). ..(2.3)
n&sx n<x

ProoF : We have

X P)= z p = b P + Z p
n<x m<<x,p(m<p pmsx pm<x
P(m)<p,p<<+/x P(m)<p,p)>+/x
=0[ ¥ pl+ Z p— Zp
PMSKIX, PV X pmMKX pm<x
P<+vVx
= 2 smo[3 rr]
n<x pP<vx

and (2.2) follows. On noting that

X Bm= X B + z «p
n<x n<x PEm<x,2?2
= X B+ O0[x T alp?]
n<x Pr<x,uP2

we get (2.3).

Theorem 2.1—Let f (1) be an arithmetical function such that / (n) < g (n) where
g (x) is positive valued and increasing on [1, eo]. Then

2 f(n)g(n) = E S (n) P(n) + O (g (x) x3"2/log x). ..(2.4)
E f(n) B(n) = <2 F (B (n) + O(g (x) x loglog x) ...(2.5)
Z f(n) B(n) = Z<’ f (@) P(n) + O (g (x) x**/log x). ...(2.6)

n<x n<x

Proor : Since
S fmMBMm= 3 fMPM+ T f()B@—PMm) +0Q)
n<x n<x n<x
= E S P+ O (g () {2' (B (m— P(r))+ O (1)

(2.4) follows from (2.2). Similarly (2.5) follows from (2.3) and (2.6) follows from (2.4)
and (2.5).
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Remark 2.1 : Theorem 2.1 extends and sharpens an earlier result due to
(De Koninck and Ivié®, Lemma 3).
Lemma 2.2—Let G (n) be as defined in (2.1). Then

K k
S dmGm= T (—Iy (,— )[ T g (P)d (M.
<X i=1 »’a<x

n

Proor : We recall (cf. Ivic and Pomerance!s, p. 4-5) that di (n) is multiplicative

k—1 . .
and dx (p*) = [ m+u ] for prime p and positive integral «. Also we note the

following identity :

z (1) i[ f] [k—'g_l:] =Q0fork>landn > 1. ..(2.7)

i,j?0,i+j=n

This follows from
asramar - (S HE [
-0 =0

U S ol

n=0  ,j30,i+j=n

Now by (2.1)
T dmGM= T de(m Z g(P =3I g(p)dc(pn)
n<x n<xy pln DX
= 2 g(p)d(n) + Z g (p)de(pn)
P”<x,p/}‘n p”<~x9p I n
k
=[1.]{ > e - > g(p)dk(n)}
pn<x pn<x.pln
+ Z d
oo | n g (p) di (pn)
k
(1] S ewam+ > o e
pn<x pn<x

-—[I;]dk(lm) }
- [ ’1‘ ] z g () d (n) + o (2.8)

pn<x
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say, Now since[k-;l:]—[’lc}:—[’;],wehavc
Si=-[5] 3 swam+ > o {aen

pIn<x,p by pia<x

- [{awa=-{41 5 coam+ 3 e

p’n<x _ pPn<x

dom) — | B acomy +[ 5 oy 1.
1 2

Continuing this, we arrive, by (2.8), at

S dk(n)G(”)=k2(—i)‘”1[l:] PINICERC

n<x i=] pPinkx

+ > e@{aen-[ FJaen + r =0 Jaon)

Py In<x

However, this last sum is zero since for any prime p and any integer « = 0

di (p*+i+=) [ ]1‘ :Idk (P **) + ... + (= * [ : :] di (pr**) = 0.

In fact, this is equivalent to
k+1+a+k—I1 K\ k+a+k—1 _ k:]
[ k+1+a ]‘(1) k + « ]+“‘+("1)k [k

{: I+at+k—1 :] -0
14 2

which is the case n = k+ 14« of the identity (2.7). This completes the proof of the
Lemma.

Lemma 2.3—Let G be defined as in (2.1). Then

LT a(mGm=— I g(ppn (2.9)
n<x pon<x

L smMGMM= = (p—DegMsn) .-(2.10)
n>x P n<x

and if F is any multiplicative function satisfying

F(p***) + pF(p*) = F (p) F(p*) (211
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for all primes and positive integers «, then

I FMGM = 2 g(p)F(p)Fm) - =  pg(p) F(n).

n<x nsx pin<x
Proor : We prove (2.9), the proofs of (2.10) and (2.12) being similar.
T p(mGm) = 2 pun) Z g(p)= Z g(P)p(pn)

n<x n<x pin pmsx
=— X g@pm=— T g@pr
pngx,pjn pnsx
T g@em
px,pln
=_ g(p)#(n)-f— 2 g (p) 1+ (pn)
<X
=— Z g(Pp@W~—- T g@p@®
pn<x PPrs<x,p pn
=— 2 g@Mu@®W— X g@ v
pn<x PPnsx
+ X g@e®.
pnsx

Continuing this, we get (2.9).

3. MaiN REesULTS

In the following, N denotes an arbitrary but fixed positive integer.
2
Theorem 3.1—There exist constants a, = —]—7; , a, ..., an-y such that

PNICE (,fj; L+ 0 (¥flog M)
<X i=1

N
D B =% > 40 (x(log DV
ngx i=1

and

N
; B =% > q ¥sht 0 (*/(log V™).
n<x i=1

Further, we have

& ]
a,:]-h]‘(tl:‘gidt
1

(2.12)

..(3.1)

..(3.2)

(3.3

(3.9
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where [x] denotes the largest integer < x and
ay < @ < ay, < ... < an-,. ...(3.5)

PrROOF : We prove (3.2) and note that Lemma 2.1 and (3.2) yield (3.1) and (3.3).
By the prime number theorem and partial summation, we have

2> - jﬁg%d’ + O[W]- | . (3.6)

pP<x
Hence by partial summation
T EM= % p+ = [ =

n<x s x n<x[2 p<x/n
X/ n
-2l s pacroedl
- log ¢ n? (log x/m)¥ !
n<x/2 2

]2

o (1] 1
= I 12 log (x/1) dt + 0[ (fog x|

-l S T el Lt e

= logx: z(loglx)‘ ﬂ - (lfc:"g & @+ 0 [ﬂ’i_")'_ ]}
+ 0| ez ]
g —

(log 5+ [(log x)N+,]

where a; is as given in (3.4).

To prove (3.5) we have by partial summation

—-—12— = [X] == 2 s —[—ré-]- dt.
n !
n<x 1

So that on letting x — oo, we get { (2) = 2a,. By a similar argument, we find

oc
4
(l°f, n' e — a1 (3.7

ne=]
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o0
It is easy to show that §{ (2) < 2 z l(;%ﬁ so thata, < a;. Fori > 2, we have by

n==]

3.7

)
2a; = iag-, + Z(l—.;!gzﬁl— > iai-, = 2a1,

-2
since a; >» O for all i. This proves (3.5) and thus the theorem.

Remark 3.): Theorem 3 1 is due to (De Koninck and Ivic’, Theorem 1) who

sharpened an earlier result of Alladi and Erdés?. De Koninck and Tvic proved (3.1)
and deduced (3.2) and (3.3). Our method of proof has an advantage in that it yields
the representation (3.4) (and the inequalities given in (3.5)).

Theorem 3.2—There exist constants d, di, ..., dv_, such that

N d .
’ 2 11 X
E de (n) P (n) = x D, g5y + 0oz ] ..(3.8)
n<x =t
N d ,
z : —1 X~
dx (n) B(n) = x? - ‘(“l';g—x)‘r—”- 0 [ (log—x)m] (39)
n<x i=l
N d R
2 i1 X"
E dy(n) B(n) = x Tiog x)' + O [:(‘—q;log x)NTl] ...(3.10)
n<x i=a]

Proor : First we prove (3.9). By Lemma 2.2, we have

k

Samem=> 0[] s

n<x i=l pin<x
k . k
=[Y] S rams S v [7]
pn<x i2
X z pdk (n)
pin<x

=k, + zk (—1)*-*[';]2, L(3.11)

i=2



PRIME DIVISIOR 997

say. Since X di (n) |« x (log x)*~ (cf. Ivic and Pomerance'®, p. 263), we have for

n<x
i>2
S, = I pdm= T p I dn
pnx P<x n<x/pt
< z p( ;L) (log I})H < x (log x)*! log log x. (3.12)
pisx

For the estimation of Z;, we note that by (3.6), for each positive integer r, there exist
constants b,, b,, ..., b, such that

z p=x Z (To—éb_;c)‘—+ O[ﬁ ] ...(3.13)

pPsx
Hence
I, = p> pd(n) + I Pdx (n)
X N/ x psx,n>a/x
-S40 Sro[S an ]
n<ai'x p<x/n n>4/x
- x* i (x/m)r
= E d () { nt 2 b’[log n ] +0o [ (log x/ny*t :]}
4 x =

+ O (x*I2 (log x)*™")

= ngxy{z w0 s ool e

= Z og B {z s [Z by | e
+ "[ oex 1+ 0 Lo ]

3 b by [N _di(n) (log ', o Uog x)* ]}
= (log x)‘+! n: x1[2

1<ir

o<Tjr

xz
+ 0[(log X ]

T ___ﬁ;,_)
* Z (log x)* + 0[ (log x)y** J~
-1
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Now (3.9) follows from (3.11), (3.12) and the above.

On taking /' (n) = di (n), g (x) = x* and recalling that d; (n) <€ n* for each ¢>0)
in Theorem 2.1, we obtain (3.8) and (3.10) from (3.9).

Theorem 3.3—There exist constants ¢;, fi, &, 0 & i < N — 1 such that

N

’ — 2 €i-y —‘_x___z
DumPm= x z o + 0[ Ty ] (3.14)
n<x 1=\

5 €i_1 X2
Z p(m)B(n) = x 2. Tiog x) + 0 [(log X)Nﬂ] ...(3.15)
n<x Gl
€i_1
z OB =5 D et 0 [ (o8 . ] (3.16)
ns<x
Sempm=x S S o[ ] (3.17)
¢ (n) Pim) = x* . (log " (iog x)N“ -G
nx =
> s = > o + o[ i | (3.18)
" T & (logx) (log x)N*? B
n<x i=1
<
i— x?
n<<x =i
d 3

' _ _ & X
z s (M) P = xa’ o x])" +0 [(—log e ] ...(3.20)
n<x t=1

< 3
— 3 g’-l ___'_x___
z () B(n) = x z s o[ T ] .(3.21)
n<x i=al
and
N
Zc(n)B(n) =y ) 2y O[J—] (3.22)
< < (log x) (log )™ | '

PrOOF : The proofs of (3.15), (3.18) and (3.21) are similar to that of (3.9). We
use (2.9), (2.10) and (2.12) in turn, instead of Lemma 2.2. The remaining assertions
of the theorem follow from Theorem 2.1.
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4, OTHER RESULTS

Our general summation formulae given in Lernmas 2.2 and 2.3 and our methods
of Section 2 can be used to discuss sums of the form Z f(n) g (n) where f(n) is either

n&Xx
di or p (n) or ¢ (n) or o (n) and g (n) is an additive function. As a further example, we
have

Theorem 4.1—For any integers k >> 2 and N > 1, there exist constants A;, B
and C;, 0 ik — 1and 0 € < N — 1 such that

k-1 k-
T de(m)o(n) =xloglogx & A (log x)*** + x T By (logx)é1~*
n<x t= e t=0

N1
C: X
tx z (log x)* + 0[ (log x)¥ ] ’
1=0
Proor : It is well known (cf. Ivié and Pomerance!s, p. 163) that for certain
constants a?‘) ,0K<ig€k — |
k=1 Gy ) _
2 de(n)=x Z a; (log x)*?* + O[x!-1"*], ...(4.1)
X =0
Now by Lemma 2.2
k k
Z di(m)o(n) = X (-1 [ ]{ X dr(m]
<x 2=1

! pinx

:[ k] T+ §" (— 1y-1 [ik] 5, (4.2)

i

n

say.

Fori > 2, we have by (4.1)

S-3, 3 e0-3 (3l il

px't n<x/pt p<xlft

cofle 1
pt
< (k) 1 N r.r k—1 -—j k—1—g4—r
S S S o e

g2y p<x1 "

"X (log p)r} + O[xt-1k 3 -p'i(l—-lll)]
pext/t
(equation continued on p. 1000)
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k-1 k-1-j X
— 17 r
x> > (—1)v.v[ ;7 Jaog xyp-s- s log‘p)}
=0 r=20 pExt/fi p
-+ O [x!-'1* log log x]
<= <’ k1
— — r
= xz a(,k) z (- l)'c"[ , ]] (log x)k-1-4=r { (loﬁ‘P)
3=0 r=0 P
1 r
+ 0 (}?g—‘/f)‘ ]} + O [x'-''* log log x]
k—1
= X Z Dy (log x)¥-*-7 4+ O (x'"1/* log log x] ...(4.3)
=0
for certain constants D;, 0 < j < k — 1.
For the estimation of Z; we use Dirichlet’s hyperbola method.
Z+ X d(= X d@® + ZTd (n) — Bde{n) — X diin)
pns<x pn<x s nsix PV X, n&A/x

n<y/x n<y/x
— 2(11) + zie) _ z(\ﬁ) , ...(4.3)

Now it is known by elementary methods that for every C >0

1 1
n<x
where B 18 a constant. Hence

S0 3 4m= 55 aw

say.

R x,p/ X PSVx n<x/p
- x_ < a® | 10g X k-1 4 0 X hok
Z P z 1 |8 P P
PEVX 7=
k=1 k-1-4 P )
- 2 af’ Z -} z (‘l)'[ o - ] (log x)*-1-+-r (log P)"
=0 p<n/x oy

+ 0 [xl—IIZk ]

(equation continued or p. 1001)



PRIME DIVISOR 1001

k-y k-1
SRR r[*77 Jogayorom 5 G P

PRVx

+ 0 [xl~l/2k]
k~1

S 3 oo e o)
z (log x) log log x log2+B+0 (log »)°

k-1-j

- (1‘) r k—1 —]] F=1-d_y { (lOg x)r
; Z (- [ , (log x) 5~ +E
1
. - a® ko1t < <)
= x log log x z (log x)k-11 4 x z b5 (log x)*-1-/
j=0 j==0

X
0[: (]og perivE ]

For the estimations of 2‘1‘“ and ziﬂ) we write Dy, (x) = z di (n) and A, (x)

n<x
k-1
=D —x a™* (log x)*-1~1. Then
=0
bl =[ z 1:] [ 2 di (n) :] = 7 (v/X) D¢ (v X)
PSAVx n<+/x
[t o[ g ] oo
= Li (¥/x) Di (v x) + O [x/(log x)c*1-¥] ..(4.7)
EJ
for any ¢ > 0, by the prime number theorem. Here Li x =j log 7 . Also

PR ACINEDY d"(") {Li [ ]+ [(logxa/c7n)° ]}

n<yvx pPS<x/n n<y/

= > d ) @) Li[ :]+ [(logxln‘" ] (48)

<K/x
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However, by partial summation

Vx
3 wou[3]-uwanwos Bt
n<+/'x 1

\/xA
=Li (v %) De (V¥ + 1 g . j « (1)

log 1t
& log x ] dt
VX k—1
1 a® \k-1-4
+ x j TTogx]i z (log 1) dr.
1 j=0
Now

VX
x j Ak(t) [1 108’ ]—1dt= __x__sﬂ_(i)‘{l_*. log 1
log x log x t: ) log x

v [ 18 Yo 4 o[ oL
’ log x log x

- 1 As (f) (log tY
- log x z (lng)‘ j‘ 12 dt + 0 (x (log x)N)_

Since Ag (x) = O [x'-1/] Further on writing u for x/t, we get

T T log (x @y
4 (") k-1_§ —_ (k)
x s t log x|t z (log 7) dt = x z 9 X xfu log u
1 jo0 ™0 Nz
X
X L‘; du
k-1 k-1-j k 1 . x l )r-—x
= x 2 a(,k’ z (— 1)’[ —I J ] (log x)s-1-1-r j(___oguu - du
§=0 r=0 X
k-1

Fe=u

= x z ay’ { (log x)*-1~/ (log 2) + S j(_ I [k - ]

r

k~1
% (log x)k1-r (1 —2) (log x) } - x 2 Fj (log x)k—x—l
j=0
for certain constants F;,0 € j € k — 1. Thus with a large C, from (4.2) through
(4.8) and the above, we obtain the theorem.
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Remark : 4.1: The case k = 2 of Theorem 4.1 was earlier attempted by De
Koninck and Mercier®. See also (De Koninck and Ivié“, Chapter 9). However, there

is a slip, as pointed out by Sitaramachandrarao'®. Recently, Ivic'4, in addition to cor-
recting this, gave an analytic proof of Theorem 4.1 and several other results. Also,

Ivic raised the problem of proving Theorem 4.1 by an elementary method.
We state the following results that can be proved by the methods of this paper.

The set of constants 4, B, C, D and E,, E,, ..., Ex—, may vary with the asymptotic
formula. For each positive integer N, we have ‘

X 2% (n) o (n) = Ax (log x) (log log x) + Bx log x + Cx log log x
n<x
N-1 E
’ x
+ Dx+ "z (ogx) T 0[ (log X)”:l
=0

N
El-] X
PICICHICEE 2, (ogxy T [”(IEEE)W ]

n<x i=2
N_i1
E;
_ . 2 2 _—
D 4o = Axrtloglogx + By + x> it
n<x =1

N-1

N 2 3 L_
2 o (n) w(n) = Ax* loglog x + Bx* + x 2 (log x)*
nsx i=1

x2
+ o[ g |-
Some of these also appear in Ivic*. Finally, we note that for estimating sums of the
form X f(n) g (n) where f (n) is multiplicative and g (n) is additive, the method of
n<x
this paper can be used when g (n) is an arbitrary additive function while it appears that

the analytic method outlined in Ivic'* can be used only when g (n) is a prime-independ-
ent additive function.
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